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I. Introduction 

By common consent a ring 91 is understood to be an additive 
abelian group in which a multiplication is defined, satisfying 

(1) {xy)z = x(yz) for all x, y, z in 9^ 
and 

(2) {x + y)z = xz + yz, z(x + y) = zx + zy 

for all x, y, z in 91, 

while an algebra 21 over a field F is a ring which is a vector space over 
F with 

(3) ce(xy) = (ax)y = x(ay) for all a in F, x,y in 21, 

so that the multiplication in 21 is bilinear. Throughout these notes, 
however, the associative law (1) will fail to hold in many of the algebraic 
systems encountered. For this reason we shall use the terms "ring" and 
"algebra" for more general systems than customary. 

We define a ring 91 to be an additive abelian group with a second 
law of composition, multiplication, which satisfies the distributive laws 
(2). We define an algebra 21 over a field F to be a vector space over 
F with a bilinear multiplication (that is, a multiplication satisfying 
(2) and (3)). We shall use the name associative ring (or associative 
algebra) for a ring (or algebra) in which the associative law (1) holds. 

In the general literature an algebra (in our sense) is commonly 
referred to as a nonassociative algebra in order to emphasize that (1) 
is not being assumed. Use of this term does not carry the connotation 
that (1) fails to hold, but only that (1) is not assumed to hold. If (1) 
is actually not satisfied in an algebra (or ring), we say that the algebra 
(or ring) is not associative, rather than nonassociative. 

As we shall see in II, a number of basic concepts which are familiar 
from the study of associative algebras do not involve associativity in any 
way, and so may fruitfully be employed in the study of nonassociative 
algebras. For example, we say that two algebras 21 and 21' over F are 
isomorphic in case there is a vector space isomorphism x <-> x' between 
them with 

(4) [xy)' = x'y' for all x, y in 21. 
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Although we shall prove some theorems concerning rings and 
infinite-dimensional algebras, we shall for the most part be concerned 
with finite-dimensional algebras. If 21 is an algebra of dimension n over 
F, let «i, ... , u n be a basis for 21 over F . Then the bilinear multiplica- 
tion in 21 is completely determined by the n 3 multiplication constants 
'jijk which appear in the products 

n 

(5) UiUj = Yj lijkUk, lijk in F. 

fc=i 

We shall call the n 2 equations (5) a multiplication table, and shall some- 
times have occasion to arrange them in the familiar form of such a table: 





Mi 


... Uj ... 


U n 


Ml 








Ui 




E lijkUk 




U n 









The multiplication table for a one-dimensional algebra 21 over F is 
given by u\ = 7^1(7 = 7m). There are two cases: 7 = (from which 
it follows that every product xy in 21 is 0, so that 21 is called a 2ero 
algebra), and 7^0. In the latter case the element e = 7 _1 Mi serves as a 
basis for 21 over F, and in the new multiplication table we have e 2 = e. 
Then a <-> ae is an isomorphism between F and this one-dimensional 
algebra 21. We have seen incidentally that any one-dimensional algebra 
is associative. There is considerably more variety, however, among the 
algebras which can be encountered even for such a low dimension as 
two. 

Other than associative algebras the best-known examples of alge- 
bras are the Lie algebras which arise in the study of Lie groups. A Lie 
algebra £ over F is an algebra over F in which the multiplication is 
anticommutative, that is, 

(6) x 2 = (implying xy = —yx), 
and the Jacobi identity 

(7) (xy)z + (yz)x + (zx)y = for all x, y, z in £ 
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is satisfied. If 21 is any associative algebra over F, then the commutator 

(8) [x,y] =xy-yx 
satisfies 

(6') [x,x] = 

and 

(7') [[x,y],z] + [[y,z],x] + [[z,x],y] = 0. 

Thus the algebra 2l~ obtained by defining a new multiplication (8) in 
the same vector space as 21 is a Lie algebra over F. Also any subspace 
of 21 which is closed under commutation (8) gives a subalgebra of 2l~, 
hence a Lie algebra over F . For example, if 21 is the associative algebra 
of all n x n matrices, then the set £ of all skew-symmetric matrices 
in 21 is a Lie algebra of dimension ^n(n — 1). The Birkhoff-Witt theo- 
rem states that any Lie algebra £ is isomorphic to a subalgebra of an 
(infinite-dimensional) algebra 2l~ where 21 is associative. In the general 
literature the notation [x,y] (without regard to (8)) is frequently used, 
instead of xy, to denote the product in an arbitrary Lie algebra. 

In these notes we shall not make any systematic study of Lie al- 
gebras. A number of such accounts exist (principally for characteristic 
0, where most of the known results lie). Instead we shall be concerned 
upon occasion with relationships between Lie algebras and other non- 
associative algebras which arise through such mechanisms as the deriva- 
tion algebra. Let 21 be any algebra over F . By a derivation of 21 is meant 
a linear operator D on 21 satisfying 

(9) (xy)D = (xD)y + x(yD) for all x, y in 21. 

The set 2) (21) of all derivations of 21 is a subspace of the associative 
algebra (£ of all linear operators on 21. Since the commutator [D, D'] 
of two derivations D, D' is a derivation of 21, 2) (21) is a subalgebra of 
<£~; that is, 2) (21) is a Lie algebra, called the derivation algebra of 21. 

Just as one can introduce the commutator (8) as a new product 
to obtain a Lie algebra 2l~ from an associative algebra 21, so one can 
introduce a symmetrized product 

(10) x * y = xy + yx 

in an associative algebra 21 to obtain a new algebra over F where the 
vector space operations coincide with those in 21 but where multipli- 
cation is defined by the commutative product x * y in (10). If one is 
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content to restrict attention to fields F of characteristic not two (as we 
shall be in many places in these notes) there is a certain advantage in 
writing 

(10') x-y = \(xy + yx) 

to obtain an algebra 2l + from an associative algebra 21 by defining 
products by (10') in the same vector space as 21. For 2l + is isomorphic 
under the mapping a — ► |a to the algebra in which products are defined 
by (10). At the same time powers of any element x in 2l + coincide with 
those in 21: clearly x ■ x = x 2 , whence it is easy to see by induction on 
n that x ■ x x (n factors) = (x x) ■ (x x) = x l ■ x n ~ l = 

lf^i^n—i _i_ ~n— i~i\ — ~n 

If 21 is associative, then the multiplication in 2l + is not only com- 
mutative but also satisfies the identity 

(11) (x ■ y) ■ (x ■ x) = x ■ [y ■ (x ■ x)] for all x, y in 2l + . 

A (commutative) Jordan algebra Z is an algebra over a field F in which 
products are commutative: 

(12) xy = yx for all x, y in 3, 
and satisfy the Jordan identity 

(11') (xy)x 2 = x(yx 2 ) for all x, y in $. 

Thus, if 21 is associative, then 2l + is a Jordan algebra. So is any sub- 
algebra of 2l + , that is, any subspace of 21 which is closed under the 
symmetrized product (10') and in which (10') is used as a new multi- 
plication (for example, the set of all n x n symmetric matrices). An 
algebra -J over F is called a special Jordan algebra in case Z is isomor- 
phic to a subalgebra of 2l + for some associative 21. We shall see that 
not all Jordan algebras are special. 

Jordan algebras were introduced in the early 1930's by a physi- 
cist, P. Jordan, in an attempt to generalize the formalism of quantum 
mechanics. Little appears to have resulted in this direction, but unan- 
ticipated relationships between these algebras and Lie groups and the 
foundations of geometry have been discovered. 
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The study of Jordan algebras which are not special depends upon 
knowledge of a class of algebras which are more general, but in a certain 
sense only slightly more general, than associative algebras. These are 
the alternative algebras 21 defined by the identities 

(13) x 2 y = x{xy) for all x,y in 21 
and 

(14) yx 2 = (yx)x for all x, y in 21, 

known respectively as the left and right alternative laws. Clearly any 
associative algebra is alternative. The class of 8-dimensional Cayley 
algebras (or Cayley -Dicks on algebras, the prototype having been dis- 
covered in 1845 by Cayley and later generalized by Dickson) is, as we 
shall see, an important class of alternative algebras which are not as- 
sociative. 

To date these are the algebras (Lie, Jordan and alternative) about 
which most is known. Numerous generalizations have recently been 
made, usually by studying classes of algebras defined by weaker iden- 
tities. We shall see in II some things which can be proved about com- 
pletely arbitrary algebras. 
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Let 21 be an algebra over a field F. (The reader may make the 
appropriate modifications for a ring Ot.) The definitions of the terms 
subalgebra, left ideal, right ideal, (two-sided) ideal 3, homomorphism, 
kernel of a homomorphism, residue class algebra 21/ 3 (difference algebra 
21 — 3), anti-isomorphism, which are familiar from a study of associative 
algebras, do not involve associativity of multiplication and are thus 
immediately applicable to algebras in general. So is the notation 03£ 
for the subspace of 21 spanned by all products be with b in 03, c in £ 
(03, £ being arbitrary nonempty subsets of 21); here we must of course 
distinguish between (2103) <£ and 2l(03<£), etc. 

We have the fundamental theorem of homomorphism for algebras: 
If 3 is an ideal of 21, then 21/3 is a homomorphic image of 21 under the 
natural homomorphism 

(1) a — > a = a + 3, a in 21, a + 3 in 21/3. 

Conversely, if 21' is a homomorphic image of 21 (under the homomor- 
phism 

(2) a ^ a, a in 21, a' in 21'), 

then 21' is isomorphic to 21/3 where 3 is the kernel of the homomor- 
phism. 

If & is a subalgebra (or ideal) of a homomorphic image 21' of 21, 
then the complete inverse image of & under the homomorphism (2)— 
that is, the set & = {s G 21 | s' G &'} — is a subalgebra (or ideal) of 21 
which contains the kernel 3 of (2). If a class of algebras is defined by 
identities (as, for example, Lie, Jordan or alternative algebras), then 
any subalgebra or any homomorphic image belongs to the same class. 

We have the customary isomorphism theorems: 

(i) If 3 1 and 32 are ideals of 21 such that 3\ contains 3 2 , then 
(2l/3 2 )/(3i/3 2 ) and 2l/3i are isomorphic. 

(ii) If 3 is an ideal of 21 and © is a subalgebra of 21, then 3 D & 
is an ideal of &, and (3 + &)/3 and &/(3 C\ &) are isomorphic. 

6 
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Suppose that 03 and £ are ideals of an algebra 21, and that as a 
vector space 21 is the direct sum of 03 and <£ (21 = 03 + £, 03 n £ = 0). 
Then 21 is called the direct sum 21 = 03 © £ of 03 and £ as algebras. 
The vector space properties insure that in a direct sum 21 = 03 © £ the 
components 6, c of a = 6 + c (6 in 03, c in <£) are uniquely determined, 
and that addition and multiplication by scalars are performed compo- 
nentwise. It is the assumption that 03 and £ are ideals in 21 = 03 © £ 
that gives componentwise multiplication as well: 

(3) (6i + ci)(6 2 + c 2 ) = &ib 2 + cic 2 , &i in 03, c, in £. 

For b\c 2 is in both 03 and £, hence in 03 fl (£ = 0. Similarly c\b 2 = 0, so 
(3) holds, (Although © is commonly used to denote vector space direct 
sum, it has been reserved in these notes for direct sum of ideals; where 
appropriate the notation _L has been used for orthogonal direct sum 
relative to a symmetric bilinear form.) 

Given any two algebras 03, £ over a field F, one can construct an 
algebra 21 over F such that 21 is the direct sum 21 = 03' © <£' of ideals 
03', C which are isomorphic respectively to 03, (£. The construction of 
21 is familiar: the elements of 21 are the ordered pairs (b, c) with b in 
03, c in C; addition, multiplication by scalars, and multiplication are 
defined componentwise: 

(&i, ci) + (6 2 , c 2 ) = (61 + b 2 , ci + c 2 ), 

(4) a(6, c) = (afe, ac), 
(6i,ci)(6 2 ,c 2 ) = (6iCi,6 2 c 2 ). 

Then 21 is an algebra over F , the sets 03' of all pairs (b, 0) with b in 03 
and <£' of all pairs (0, c) with c in £ are ideals of 21 isomorphic respec- 
tively to 03 and £, and 21 = 03' © <£'. By the customary identification 
of 03 with 03', £ with £', we can then write 21 = 03 © £, the direct sum 
of 03 and £ as algebras. 

As in the case of vector spaces, the notion of direct sum extends to 
an arbitrary (indexed) set of summands. In these notes we shall have 
occasion to use only finite direct sums 21 = 03i © 032 © • • • © 03 4 . Here 
21 is the direct sum of the vector spaces 03 j, and multiplication in 21 is 
given by 

(5) (61 + b 2 + • • • + & t )(ci + C2 + • • • + ct) = &1C1 + b 2 c 2 + ■■■ + b t c t 
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for bi, Ci in 03«. The 03j are ideals of 21. Note that (in the case of a 
vector space direct sum) the latter statement is equivalent to the fact 
that the 03j are subalgebras of 21 such that 

(6) 03*03^ = iori^j. 

An element e (or /) in an algebra 21 over F is called a left (or 
right) identity (sometimes unity element) in case ea = a (or a/ = a) 
for all o in 21. If 21 contains both a left identity e and a right identity 
/, then e = / (= e/) is a (two-sided) identity 1. If 21 does not contain 
an identity element 1, there is a standard construction for obtaining an 
algebra 21 1 which does contain 1, such that 2li contains (an isomorphic 
copy of) 21 as an ideal, and such that 2li/2l has dimension 1 over F. 
We take 2li to be the set of all ordered pairs {a, a) with a in F , a in 
21; addition and multiplication by scalars are defined componentwise; 
multiplication is defined by 

(7) (a, a)(/3, b) = (a/?, j3a + ab + ab), a, /3 in F, a, b in 21. 

Then 2li is an algebra over F with identity element 1 = (1,0). The 
set 21' of all pairs (0, a) in 2ti with a in 21 is an ideal of 2li which is 
isomorphic to 21. As a vector space 2li is the direct sum of 21' and 
the 1-dimensional space Fl = {al | a in F}. Identifying 21' with its 
isomorphic image 21, we can write every element of 2li uniquely in the 
form al + a with a in F, o in 21, in which case the multiplication (7) 
becomes 

(7') (al + a)(pi + b) = (a/3)l + (pa + ab + a&). 

We say that we have adjoined a unity element to 21 to obtain 2li. (If 
21 is associative, this familiar construction yields an associative algebra 
2li with 1. A similar statement is readily verifiable for (commutative) 
Jordan algebras and for alternative algebras. It is of course not true 
for Lie algebras, since l 2 = 1 ^ 0.) 

Let 05 and 21 be algebras over a field F. The Kronecker product 
03 F 21 (written 03 ® 21 if there is no ambiguity) is the tensor product 
03 ®f 21 of the vector spaces 03, 21 (so that all elements are sums Y^b0a, 
b in 03, a in 21, multiplication being defined by distributivity and 

(8) {pi ® ai)(& 2 ® 02) = (&1&2) ® (0102), 6j in 03, a^ in 21. 
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If 03 contains 1, then the set of all 1 <g> a in 03 <S> 21 is a subalgebra of 
03 (g) 21 which is isomorphic to 21, and which we can identify with 21 (sim- 
ilarly, if 21 contains 1, then 03 21 contains 03 as a subalgebra). If 03 and 
21 are finite- dimensional over F, then dim(03 <g> 21) = (dim 03) (dim 21). 
We shall on numerous occasions be concerned with the case where 
03 is taken to be a field (an arbitrary extension K of F). Then K does 
contain 1, so 21^ = K ®p 21 contains 21 (in the sense of isomorphism) 
as a subalgebra over F. Moreover, 2l# is readily seen to be an algebra 
over K, which is called the scalar extension of 21 to an algebra over 
K. The properties of a tensor product insure that any basis for 21 over 
F is a basis for 2l# over K . In case 21 is finite-dimensional over F , 
this gives an easy representation for the elements of 21^. Let m, . . . , u n 
be any basis for 21 over F . Then the elements of 21^ are the linear 
combinations 

(9) J2 a i u i (=^ai<g>Ui), cti in K, 

where the coefficients a, in (9) are uniquely determined. Addition and 
multiplication by scalars are performed componentwise. For multipli- 
cation in 21a- we use bilinearity and the multiplication table 

(10) UiUj = J^'yijk u k , 'jijk in F. 

The elements of 21 are obtained by restricting the oti in (9) to elements 
of F. 

For finite- dimensional 21, the scalar extension 21^ (K an arbitrary 
extension of F) may be defined in a non-invariant way (without recourse 
to tensor products) by use of a basis as above. Let u±, . . . , u n be any 
basis for 21 over F; multiplication in 21 is given by the multiplication 
table (10). Let 21^- be an n-dimensional algebra over K with the same 
multiplication table (this is valid since the 7^, being in F, are in 
K). What remains to be verified is that a different choice of basis for 21 
over F would yield an algebra isomorphic (over K) to this one. (A non- 
invariant definition of the Kronecker product of two finite-dimensional 
algebras 21, 03 may similarly be given.) 

For the classes of algebras mentioned in the Introduction (Jordan 
algebras of characteristic 7^ 2, and Lie and alternative algebras of arbi- 
trary characteristic), one may verify that algebras remain in the same 
class under scalar extension — a property which is not shared by classes 
of algebras defined by more general identities (as, for example, in V). 
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Just as the commutator [x,y] = xy — yx measures commutativity 
(and lack of it) in an algebra 21, the associator 

(11) (x,y,z) = (xy)z-x(yz) 

of any three elements may be introduced as a measure of associativity 
(and lack of it) in 21. Thus the definitions of alternative and Jordan 
algebras may be written as 

(x,x,y) = (y,x,x) = for all x,y in 21 

and 

[x, y] = (x, y, x 2 ) = for all x, y in 21. 

Note that the associator (x,y,z) is linear in each argument. One iden- 
tity which is sometimes useful and which holds in any algebra 21 is 

(12) a(x, y, z) + (a, x, y)z = (ax, y, z) — (a, xy, z) + (a, x, yz) 

for all a,x,y, z in 21. 

The nucleus U5 of an algebra 21 is the set of elements g in 21 which 
associate with every pair of elements x,y in 21 in the sense that 

(13) (g,x,y) = (x,g,y) = (x,y,g) = for all x,y in 21. 

It is easy to verify that (5 is an associative subalgebra of 21. (3 is 
a subspace by the linearity of the associator in each argument, and 
(9i92, x, y) = g t (g 2 , x, y) + (g u g 2 , x)y + (g u g 2 x, y) - (g u g 2 , xy) = by 
(13), etc. 

The center C of 21 is the set of all c in 21 which commute and 
associate with all elements; that is, the set of all c in the nucleus 
with the additional property that 

(14) xc = ex for all x in 21. 

This clearly generalizes the familiar notion of the center of an associa- 
tive algebra. Note that £ is a commutative associative subalgebra of 
21. 

Let a be any element of an algebra 21 over F. The right multipli- 
cation R a of 21 which is determined by a is defined by 

(15) R a : x —y xa for all x in 21. 
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Clearly R a is a linear operator on 21. Also the set i?(2l) of all right 
multiplications of 21 is a subspace of the associative algebra (£ of all 
linear operators on 21, since a —>■ R a is a linear mapping of 21 into (£. 
(In the familiar case of an associative algebra, R(Ql) is a subalgebra of 
(E, but this is not true in general.) Similarly the left multiplication L a 
defined by 

(16) L a : x —y ax for all x in 21 

is a linear operator on 21, the mapping a — ► L a is linear, and the set 
L(2l) of all left multiplications of 21 is a subspace of l£. 

We denote by 971(21), or simply 97t, the enveloping algebra of 
i?(2l) U L(2l); that is, the (associative) subalgebra of (£ generated by 
right and left multiplications of 21. 971(21) is the intersection of all 
subalgebras of € which contain both i?(2l) and L(2l). The elements 
of 971(21) are of the form J2 S\- ■ ■ S n where Si is either a right or left 
multiplication of 21. We call the associative algebra 971 = 971(21) the 
multiplication algebra of 21. 

It is sometimes useful to have a notation for the enveloping algebra 
of the right and left multiplications (of 21) which correspond to the 
elements of any subset 23 of 21; we shall write 23* for this subalgebra of 
971(21). That is, 23* is the set of all £ Si • • • S n , where S t is either R bi , 
the right multiplication of 21 determined by b, t in 23, or Lj>.. Clearly 
21* = 971(21), but note the difference between 23* and 971(23) in case 23 
is a proper subalgebra of 21 — they are associative algebras of operators 
on different spaces (21 and 23 respectively). 

An algebra 21 over F is called simple in case and 21 itself are 
the only ideals of 21, and 21 is not a zero algebra (equivalently, in the 
presence of the first assumption, 21 is not the zero algebra of dimension 
1). Since an ideal of 21 is an invariant subspace under 971 = 971(21), 
and conversely, it follows that 21 is simple if and only if 971 ^ is an 
irreducible set of linear operators on 21. Since 2l 2 (= 2121) is an ideal of 
21, we have 21 2 = 21 in case 21 is simple. 

An algebra 21 over F is a division algebra in case 21 ^ and the 
equations 

(17) ax = b, ya = b (a ^ 0, b in 21) 

have unique solutions x, y in 21; this is equivalent to saying that, for 
any a ^ in 21, L a and R a have inverses L~ l and R~ l . Any division 
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algebra is simple. For, if 3 ^ is merely a left ideal of 21, there is an 
element a ^ in 3 and 21 C 2ta C J by (17), or 3 = 21; also clearly 
2t 2 7^ 0. (Any associative division algebra 21 has an identity 1, since 
(17) implies that the non-zero elements form a multiplicative group. In 
general, a division algebra need not contain an identity 1.) If 21 has 
finite dimension n > 1 over F, then 21 is a division algebra if and only 
if 21 is without zero divisors (i^O and y ^ in 21 imply xy ^ 0), 
inasmuch as the finite-dimensionality insures that L a (and similarly 
R a ), being (1-1) for a/0, has an inverse. 

In order to make the observation that any simple ring is actually an 
algebra, so the study of simple rings reduces to that of (possibly infinite- 
dimensional) simple algebras, we take for granted that the appropriate 
definitions for rings are apparent and we digress to consider any sim- 
ple ring 9L The (associative) multiplication ring 9Jt = 9Jt(9l) ^ is 
irreducible as a ring of endomorphisms of 91. Thus by Schur's Lemma 
the centralizer £' of 9Jt in the ring l£ of all endomorphisms of 9^ is an 
associative division ring. Since 9Jt is generated by left and right multi- 
plications of 9t, <£' consists of those endomorphisms T in (£ satisfying 
iiyl = 1 Ry, Li x l = 1 F XJ or 

(18) (xy)T = (xT)y = x(yT) for all x, y in 9t 

Hence S, T in €' imply (xy)ST = ((xS)y) T = (xS)(yT) = (x(yS)) T = 
(xT)(yS). Interchanging S and T, we have (xy)ST = (xy)TS, so that 
zST = zTS for all z in 9* 2 = JH. That is, ST = TS for all S, T in £'; 
(£' is a field which we call the multiplication centralizer of £H. Now the 
simple ring 9i may be regarded in a natural way as an algebra over the 
field £'. Denote T in £' by a, and write ca = xT for any a; in 9^. Then 
£ft is a (left) vector space over <£'. Also (18) gives the defining relations 
a(x?/) = (ax)?/ = x(ay) for an algebra over £'. As an algebra over <t 
(or any subfield F of <£!), 9\ is simple since any ideal of 9^ as an algebra 
is a priori an ideal of 9^ as a ring. 

Moreover, 971 is a dense ring of linear transformations on 9^ over 
€■' (Jacobson, Lectures in Abstract Algebra, vol. II, p. 274), so we have 
proved 

Theorem 1. Let 9^ be a simple ring, and 9JI be its multiplication 
ring. Then the multiplication centralizer <£' of 9JI is a field, and 9^1 may 
be regarded as a simple algebra over any subfield F of C 9JI is a dense 
ring of linear transformations on 9^ over (£'. 
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Returning now to any simple algebra 21 over F, we recall that the 
multiplication algebra 971(21) is irreducible as a set of linear operators 
on the vector space 21 over F. But (Jacobson, ibid) this means that 
971(21) is irreducible as a set of endomorphisms of the additive group of 
21, so that 21 is a simple ring. That is, the notions of simple algebra and 
simple ring coincide, and Theorem 1 may be paraphrased for algebras 
as 

Theorem 1'. Let 21 be a simple algebra over F , and 971 be its 
multiplication algebra. Then the multiplication centralizer £! of 971 is 
a field (containing F), and 21 may be regarded as a simple algebra over 
€■'. 971 is a dense ring of linear transformations on 21 over (£'. 

Suppose that 21 has finite dimension n over F. Then (£ has dimen- 
sion n 2 over F, and its subalgebra £.' has finite dimension over F. That 
is, the field <£' is a finite extension of F of degree r = (€' : F) over F . 
Then n = mr, and 21 has dimension m over <£'. Since 971 is a dense 
ring of linear transformations on (the finite-dimensional vector space) 
21 over <£', 971 is the set of all linear operators on 21 over €'. Hence £' is 
contained in 971 in the finite-dimensional case. That is, €' is the center 
of 971 and is called the multiplication center of 21. 

Corollary. Let 21 be a simple algebra of finite dimension over F , 
and 971 be its multiplication algebra. Then the center (£' of 971 is a field, 
a finite extension of F. 21 may be regarded as a simple algebra over £'. 
971 is the algebra of all linear operators on 21 over £'. 

An algebra 21 over F is called central simple in case 21r- is simple 
for every extension K of F . Every central simple algebra is simple (take 
K = F). 

We omit the proof of the fact that any simple algebra 21 (of arbi- 
trary dimension), regarded as an algebra over its multiplication cen- 
tralizer C (so that <£' = F) is central simple. The idea of the proof 
is to show that, for any extension K of F, the multiplication algebra 
97t(2lft-) is a dense ring of linear transformations on 21^- over K, and 
hence is an irreducible set of linear operators. 

Theorem 2. The center (£ of any simple algebra 21 over F is either 
or a field. In the latter case 21 contains 1, the multiplication centralizer 
(£' = (£* = {i? c | c G (£}, and 21 is a central simple algebra over £. 
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Proof: Note that c is in the center of any algebra 21 if and only if 
R c = L c and [L c , R y ] = R c R y — R cy = R y R c — R yc = for all y in 21 
or, more compactly, 

(19) R c = L c , R c R y = R y R c = R C y for all y in 21. 
Hence (18) implies that 

(20) cT is in £ for all c in £, T in £'. 
For (18) may be written as 

(18') R y T = TR y = R yT for all y in 21 

or, equivalently, as 

(18") L^T = L xT = TL X for all x in 21. 

Then (18') and (18") imply R cT = TR C = TL C = L cT , together with 

RcTRy = R c TR y = R c RyT = Rc{yT) = R(cT)y an d RyR c T = RyR c T = 

R c R y T = R c TR y (= i?( C T)j,), That is, (20) holds. Note also that (19) 
implies 

(21) L X R C = R C L X for all c in (£, x in 21. 

Since R Cl R C2 = R ClC2 (a in C) by (19), the subalgebra £* of SDT(2l) 
is just £* = {i? c | c G <£}, and the mapping c — *• i? c is a homomorphism 
of (£ onto €*. Also (19) and (21) imply that R c commutes with every 
element of DJl so that £* C £'. Moreover, €* is an ideal of the (commu- 
tative) field <£' since (18') and (20) imply that TR C = R cT is in <T for 
all T in <£', c in £. Hence either £* = or <T = C". 

Now C* = implies i? c = for all c in (£; hence £ = 0. For, if there 
is c 7^ in £, then 3 = Fc ^ is an ideal of 21 since 321 = 213 = 0. 
Then 3 = 21, 2l 2 = 0, a contradiction. 

In the remaining case (£* = <£', the identity operator l^ on 21 is in 
£' = <£*. Hence there is an element e in £ such that R e = L e = 1%, or 
ae = ea = a for all o in 21; 21 has a unity element 1 = e. Then c ^ R c 
is an isomorphism between £ and the field <£'. 21 is an algebra over the 
field £, and as such is central simple. 
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For any algebra 21 over F, one obtains a derived series of subalge- 
bras 2l« D 21^ D 21® D • • • by denning 2t« = 21, 2l( i+1 ) = (2#) 2 . 21 
is called solvable in case 21^ = for some integer r. 

Proposition 1. If an algebra 21 contains a solvable ideal 3, and if 
21 = 21/3 is solvable, then 21 is solvable. 

Proof: Since (1) is a homomorphism, it follows that 2l 2 = 2l 2 and 
that 2TW = £0. Then SfM = implies 21^ = 0, or 21^ C J. But 
;?« = for some s, so 2l( r+s ) = (21^)^ C 3fto = 0. Hence 21 is 
solvable. 

Proposition 2. If 23 and £ are solvable ideals of an algebra 21, 
then 03 + £ is a solvable ideal of 21. Hence, if 21 is finite-dimensional, 
21 has a unique maximal solvable ideal 91. Moreover, the only solvable 
ideal of 21/01 is 0. 

Proof: 93 + £ is an ideal because 03 and £ are ideals. By the second 
isomorphism theorem (03 + <£)/<£ = 23/(03 n £). But 23/(23 n £) is a 
homomorphic image of the solvable algebra 03, and is therefore clearly 
solvable. Then 25 + £ is solvable by Proposition 1. It follows that, 
if 21 is finite- dimensional, the solvable ideal of maximum dimension is 
unique (and contains every solvable ideal of 21). Let 9? be this maximal 
solvable ideal, and (25 be any solvable ideal of 21 = 21/01. The complete 
inverse image (3 of (3 under the natural homomorphism of 21 onto 21 is 
an ideal of 21 such that 0/OT = <£>. Then (5 is solvable by Proposition 1, 
so (5 C 91. Hence (g/01 =0 = 0. 

An algebra 21 is called nilpotent in case there exists an integer t 
such that any product Z\Zi ■ ■ ■ Zt of t elements in 21, no matter how 
associated, is 0. This clearly generalizes the concept of nilpotence as 
defined for associative algebras. Also any nilpotent algebra is solvable. 

Theorem 3. An ideal 03 of an algebra 21 is nilpotent if and only 
if the (associative) subalgebra 03* of 971(21) is nilpotent. 

Proof: Suppose that every product of t elements of 23, no matter 
how associated, is 0. Then the same is true for any product of more 
than t elements of 25. Let T = 2\ • • • T t be any product of t elements 
of 03*. Then T is a sum of terms each of which is a product of at 
least t linear operators Si, each Si being either L b . or R bi {pi in 23). 
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Since 03 is an ideal of 21, xS\ is in 03 for every x in 21. Hence xT 
is a sum of terms, each of which is a product of at least t elements 
in 03. Hence xT = for all a; in 21, or T = 0, 03* is nilpotent. For 
the converse we need only that OS is a subalgebra of 21. We show by 
induction on n that any product of at least 2 n elements in 03, no matter 
how associated, is of the form bS\ ■ ■ ■ S n with b in 03, Si in 03*. For 
n = 1, we take any product of at least 2 elements in 03. There is 
a final multiplication which is performed. Since 03 is a subalgebra, 
each of the two factors is in 03: bb\ = bRb 1 = bS\. Similarly in any 
product of at least 2 n+1 elements of 03, no matter how associated, 
there is a final multiplication which is performed. At least one of the 
two factors is a product of at least 2 n elements of 03, while the other 
factor b' is in 03. Hence by the assumption of the induction we have 
either b'{bS\ ■ ■ ■ S n ) = bS\ ■ ■ ■ S n Ly = bS\ ■ ■ ■ S n+ i or (bSi ■ ■ ■ S n )b' = 
bSi ■ ■ ■ S n Rv = bS\ ■ ■ ■ S n+ i, as desired. Hence, if any product Si ■ ■ ■ S t 
of t elements in 03* is 0, any product of 2* elements of 03, no matter 
how associated, is 0. That is, 03 is nilpotent. 



III. Alternative Algebras 

As indicated in the Introduction, an alternative algebra 21 over F 
is an algebra in which 

(1) x 2 y = x{xy) for all x,y in 21 
and 

(2) yx 2 = (yx)x for all x, y in 21. 

In terms of associators, (1) and (2) are equivalent to 

(1/) (x, x,y) = for all x, y in 21 

and 

(2') (y, x, x) = for all x, y in 21. 

In terms of left and right multiplications, (1) and (2) are equivalent to 

(1") L X 2 = L x 2 for all x in 21 

and 

(2") R X 2 = R 2 for all x in 21. 

The associator {x\,Xi,x%) "alternates" in the sense that, for any 
permutation a of 1,2,3, we have (xi a ,X2a,X3a) = (sgna)(xi,X2,x 3 ). 
To establish this, it is sufficient to prove 

(3) (x, y, z) = — (y, x, z) for all x,y,z in 21 
and 

(4) (x, y, z) = (z, x, y) for all x, y, z in 21. 

Now (1') implies that (x + y, x + y, z) = (x, x, z) + (x, y, z) + (y, x, z) + 
(y,y,z) = (x,y,z) + (y, x,z) = 0, implying (3). Similarly (2') implies 
(x,y,z) = —(x,z,y) which gives (x,z,y) = (y,x,z). Interchanging y 
and z, we have (4). The fact that the associator alternates is equivalent 
to 

i\ x tXy -ttxy l-<xy ]- J yl J x J-'y-ttx t^x^ J y 

J-'x^-'y -'-'yx ^yJ-'x J-'x-^y ^yx ^y^x 
17 



(6) 


(x,y,x) = 


that is, 




(6') 


(xy)x = x(yx) 


or 




(6") 


1 J nr\ J L-TJ J L<t - I J 'j* 
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for all x,y in 21. It follows from (1"), (2") and (5) that any scalar 
extension 21^ of an alternative algebra 21 is alternative. 
Now (3) and (2') imply 

for all x, y in 21; 
for all x, y in 21, 

for all x in 21. 

Identity (6') is called the flexible law. All of the algebras mentioned 
in the Introduction (Lie, Jordan and alternative) are flexible. The 
linearized form of the flexible law is 

(6'") (x, y, z) + (z, y, x) = for all x, y, z in 21. 

We shall have occasion to use the Moufang identities 

(7) (xax)y = x [a(xy)] , 

(8) y(xax) = [(yx)a\ x, 

(9) (xy)(ax) = x{ya)x 

for all x, y, a in an alternative algebra 21 (where we may write xax un- 
ambiguously by (6'))- Now (xax)y — x [a(xy)] = (xa, x, y) + (x, a, xy) = 
(—x, xa, y) — (x, xy, a) = — [x(xa)] y + x [(xa)y] — [x(xy)] a + x [(xy)a\ = 

— (x 2 a)y — (x 2 y)a + x [(xa)y + (xy)a\ = —(x 2 ,a,y) — (x 2 ,y,a) — 
x 2 (ay) — x 2 (ya) + x [(xa)y + (xy)a\ = x [— x(ay) — x(ya) + {xa)y + 
(xy)a\ = x [(x, a, y) + (x, y, a)] = 0, establishing (7). Identity (8) is the 
reciprocal relationship (obtained by passing to the anti-isomorphic al- 
gebra, which is alternative since the defining identities are reciprocal). 
Finally (7) implies (xy)(ax) — x{ya)x = (x,y,ax) +x [y(ax) — (ya)x] = 

— (x, ax,y) — x(y, a,x) = —(xax)y + x [(ax)y — (y, a,x)] = —x [a{xy) — 
(ax)y + (y, o, x)] = —x [—(a, x, y) + (y, a, x)] = 0, or (9) holds. 

Theorem of Artin. The subalgebra generated by any two ele- 
ments x,y of an alternative algebra 21 is associative. 

Proof: Define powers of a single element x recursively by x 1 = x, 
x l+1 = xx l . Show first that the subalgebra F[x] generated by a single 
element x is associative by proving 

(10) xV = x i+j for all x in 21 (i,j = 1, 2, 3, . . . ). 
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We prove this by induction on i, but shall require the case j = 1: 

(11) x l x = xx % for all x in 21 (i = 1, 2, ... ). 

Proving (11) by induction, we have x t+l x = (xx l )x = x{x l x) = 
x{xx % ) = xx t+l by flexibility and the assumption of the induction. We 
have (10) for i = 1, 2 by definition and (1). Assuming (10) for i > 2, we 
have x t+1 x : > = {xx l )x^ = \x(xx l ~ 1 )] x? = [x(x t_1 x)] x J = x [x l ~ 1 (xx^)] = 
x{x % ~ 1 x^ +1 ) = xx l+ i = x t+ i +1 by (11), (7) and the assumption of the 
induction. Hence F[x] is associative. 
Next we prove that 

(12) x\x j y) = x i+j y for all x,y in 21 (i,j = 1, 2, 3, . . . ). 

First we prove the case j = 1: 

(13) x i (xy) = x i+1 y for all x,y in 21 (i = 1, 2, 3, . . . ). 

The case i = 1 of (13) is given by (1); the case i = 2 is 
x 2 (xy) = x [x(xy)] = (xxx)y = x 3 y by (1) and (7). Then for i > 2, 
write the assumption (13) of the induction with xy for y and i for 
i + 1: a; 4-1 [x(xj/)] = x l {xy). Then a; J+1 (a;?/) = (a;a;*~ 1 a;)(a;2/) = 
x [x 1-1 {x(xy)}] = x[x l {xy)\ = (xx l x)y = x t+2 y by (7). We have 
proved the case j = 1 of (12). Then with xy written for y in (12), the 
assumption of the induction is x l+ ^{xy) = x % [x^{xy)\. It follows that 
x l {x : > +1 y) = x % [x^{xy)\ = x l+: >{xy) = x t+: > +l y by (13). Now (12) holds 
identically in y Hence 

(14) x l (x j y k ) = (iV)y*. 
Reciprocally 

(15) {y k x j )x i = y^^x'). 

Since the distributive law holds in 21, it is sufficient now to show that 

(16) {x l y k )x j = x\y k x j ) 

in order to show that the subalgebra generated by x,y is associative. 
But (14) implies (x\y k ,x j ) = —(x\x j ,y k ) = 0. 
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An algebra 21 over F is called power-associative in case the subal- 
gebra F[x] of 21 generated by any element x in 21 is associative. Any 
alternative algebra is power-associative; the Theorem of Artin also im- 
plies 

(17) R x = R x j, LJ = L x j for all x in 21. 

An element x in a power-associative algebra 21 is called nilpotent in 
case there is an integer r such that x r = 0. An algebra (ideal) consisting 
only of nilpotent elements is called a nilalgebra (nilideal). 

Theorem 4. Any alternative nilalgebra 21 of finite dimension over 
F is nilpotent. 

Proof: Any subalgebra OS of 21 is generated by a finite number of 
elements (for example, the elements in a basis for 03 over F). We prove 
by induction on the number of generators of 23 that 03* is nilpotent for 
all subalgebras 03; hence, in particular, for 03 = 21. If 03 is generated by 
one element x, then by (6") and (17) any T in 03* is a linear combination 
of operators of the form 

(18) Rj\ LJ\ Rj 3 Lj* iorji>l. 

Then, if x^ = 0, we have T 2j_1 = 0, 03* is nilpotent. Hence, by the 
assumption of the induction, we may take a maximal proper subalgebra 
03 of 21 and know that 03* is nilpotent. But then there exists an element 
x not in 03 such that 

(19) a;03* C 03. 

For 03* r = implies that 2l03* r = C 03, and there exists a smallest 
integer m > 1 such that 2l03* m C 03. If m = 1, take x in 21 but not in 
03; if m > 1, take x in 2103*™" 1 but not in 03. Then (19) is satisfied. 
Since 03 is maximal, the subalgebra generated by 03 and x is 21 itself. 
It follows from (19) that 21 = 03 + F [x] so that fJJl = 21* = (03 + Fa:)*. 
Put y = b in (5) for any b in 03. Then (19) implies that 

(20) 

for bi in 03. Equations (20) show that, in each product of right and 
left multiplications in 03* and (Fx)*, the multiplication R x or L x may 



R x Rb : 


— R bl — RbRx, 


R x Lb 


— L b R x + RbRx — Rb 2 ? 


L x R b ■■ 


= R\)L X + L b L x 


— L b:i , 


L x ^b = Lb 1 — LbL x 
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be systematically passed from the left to the right of Rb or L5 in a 
fashion which, although it may change signs and introduce new terms, 
preserves the number of factors from 23* and does not increase the 
number of factors from (Fx)*. Hence any T in 21* = (23 + Fx)* may 
be written as a linear combination of terms of the form (18) and others 
of the form 

Bi, B 2 R x m \ B 3 L x m \ B 4 R x m *L x m * 

for B % in 23*, m % > 1. Then if 23* r = and x j = 0, we have T r{2j ~^ = 0; 
for every term in the expansion of T^ 2 - 7-1 -* contains either an uninter- 
rupted sequence of at least 2j — 1 factors from (Fx)* or at least r factors 
B-i. In the latter case the R x or L x may be systematically passed from 
the left to the right of B, L (as above) preserving the number of fac- 
tors from 03*, resulting in a sum of terms each containing a product 
B1B2 ■ ■ ■ B r = 0. Hence every element T of the finite-dimensional asso- 
ciative algebra 21* is nilpotent. Hence 21* is nilpotent (Albert, Structure 
of Algebras, p. 23). Hence 21 is nilpotent by Theorem 3. 

Any nilpotent algebra is solvable, and any solvable (power-assoc- 
iative) algebra is a nilalgebra. By Theorem 4 the concepts of nilpotent 
algebra, solvable algebra, and nilalgebra coincide for finite-dimensional 
alternative algebras. Hence there is a unique maximal nilpotent ideal 
OT (= solvable ideal = nilideal) in any finite-dimensional alternative 
algebra 21; we call 9t the radical of 21. We have seen that the radical of 
21/91 is 0. 

We say that 21 is semisimple in case the radical of 21 is 0, and omit 
the proof that any finite-dimensional semisimple alternative algebra 21 
is the direct sum 21 = 61 © • • • © &t of simple algebras ©». The proof 
is dependent upon the properties of the Peirce decomposition relative 
to an idempotent e. 

An element e of an (arbitrary) algebra 21 is called an idempotent 
in case e 2 = e / 0. 

Proposition 3. Any finite-dimensional power-associative algebra, 
which is not a nilalgebra, contains an idempotent e (7^ 0). 

Proof: 21 contains an element x which is not nilpotent. The sub- 
algebra F[x] of 21 generated by a; is a finite-dimensional associative 
algebra which is not a nilalgebra. Then F[x] contains an idempotent e 
(7^ 0) (Albert, ibid), and therefore 21 does. 
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By (1") and (2") L e and R e are idempotent operators on 21 which 
commute by (6") ("commuting projections"). It follows that 21 is the 
vector space direct sum 

(21) 21 = 2tn + 2lio + 2l i + 2l 00 

where 2ljj (i, j = 0, 1) is the subspace of 21 defined by 

Just as in the case of associative algebras, the decomposition of any 
element x in 21 according to the Peirce decomposition (21) is 

(23) x = exe + (ex — exe) + (xe — exe) + (x — ex — xe + exe). 
We derive a few of the properties of the Peirce decomposition as follows: 

\%iji ^-i Vji) ~r •Eijyyji^J 
jXijyji t jXijyji t '■Xijyji 

and similarly e(xiji/ji) = ix^yji, so 

(24) %ij%iQ%ii, i,j = 0,1. 

That is, 2ln and 2loo are subalgebras of 21, while 2lio2loi C 2ln, 
2loi2lio Q 2t 00 . Also x n j/ o = (ex u e)y Q o = e [x u (ey o)] = by (7), and 
similarly yooXn = 0. Hence 2tn and 2loo are orthogonal subalgebras of 
21. Similarly 2ljj2ljj C 21^, 21,^21^ C 2ljj, etc. 

We wish to define the class of Cayley algebras mentioned in the 
Introduction. We construct these algebras in the following manner. 
The procedure works slightly more smoothly if we assume that F has 
characteristic ^ 2, so we make this restriction here although it is not 
necessary. 

An algebra 21 with 1 over F is called a quadratic algebra in case 
21 7^ Fl and for each x in 21 we have 

(25) x 2 — t(x)x + n(x)l = 0, t(x),n(x)inF. 
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If x is not in Fl, the scalars t(x), n(x) in (25) are uniquely determined; 
set t(al) = 2a, n(al) = a 2 to make the trace t(x) linear and the norm 
n(x) a quadratic form. 

An involution (involutorial anti-isomorphism) of an algebra 21 is a 
linear operator x — ► x on 21 satisfying 

(26) xy = yx, x = x for all x, y in 21. 
Here we are concerned with an involution satisfying 

(27) x + x G Fl, xx(= xx) G Fl for all x in 21. 
Clearly (27) implies (25) with 

(27') x + x = t(x)l, xx(= xx) = n(x)l for all x in 21 

(since 1 = 1, we have t(al) = 2a, n(al) = a 2 from (27)). 

Let 03 be an algebra with 1 having dimension n over F and such 
that 03 has an involution x — ► x satisfying (27). We construct an 
algebra 21 of dimension 2n over F with the same properties and having 
03 as subalgebra (with 1 G 03) as follows: 21 consists of all ordered pairs 
x = (61,62), 6j in 03, addition and multiplication by scalars defined 
componentwise, and multiplication defined by 

(28) (61, 6 2 )(6 3 , 64) = (6163 + /X6462", 6T64 + 6362) 

for all 6j in 03 and some fi ^ in F. Then 1 = (1, 0) is a unity element 
for 21, 03' = {(6,0) | 6 G 03} is a subalgebra of 21 isomorphic to 03, 
v = (0, 1) is an element of 21 such that t> 2 = yul and 21 is the vector 
space direct sum 21 = 03' + w03' of the n-dimensional vector spaces 03', 
u03'. Identifying 03' with 03, the elements of 21 are of the form 

(29) x = 61 + 1>6 2 (6x in OS uniquely determined by x), 
and (28) becomes 

(28') (61 + v 6 2 ) (63 + t>6 4 ) = (6x6 3 + ^6462") + v (M> 4 + 6362) 

for all bi in 03 and some \x 7^ in F. Defining 

(30) x = 6 X — vb 2 , 
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we have xy = y x by (28') since 6 — ► 6 is an involution of 23; hence 
x — > a 7 is an involution of 21. Also 

x + x = £(x)l, xx(= ra) = n(x)l 
where, for x in (29), we have 

(31) t(x) = t(bi), n(x) = n(bi) — fm(b 2 ). 

Assume that the norm on 05 is a nondegenerate quadratic form; 
that is, the associated symmetric bilinear form 

(32) (a, 6) = § [n(a + 6) - n(a) - n(6)] (= \t(ab)) 

is nondegenerate (if (a, b) = for all b in 03, then a = 0). Then the norm 
n(x) on 21 defined by (31) is nondegenerate. For y = 63 + vb± implies 
that (x, y) = \ [n(x + y) - n(x) - n(y)\ = \ \n{b\ + 63) - fin(b 2 + 64) - 
n(bi) + /m(6 2 ) - n(b 3 ) + /m(6 4 )] = (61, 63) - fi(b 2 , 6 4 ). Hence (x, y) = 
for all y = 63 + i> 64 implies (61, 63) = yu(6 2 , 64) for all 63, 64 in 03. Then 
64 = implies (61,63) = for all 63 in 03, or bi = since n(6) is 
nondegenerate on 03; similarly 63 = implies (62, 64) = (since fi ^ 0) 
for all 64 in 03, or 62 = 0. That is, x = 0; n(x) is nondegenerate on 21. 
When is 21 alternative? Since 21 is its own reciprocal algebra, it 
is sufficient to verify the left alternative law (1'), which is equiva- 
lent to (x,x,y) = since (x,x,y) = (x,t(x)l — x,y) = —(x,x,y). 
Now (x,x,y) = n(x)y - (61 + v b 2 ) [(6163 - yu6 4 6 2 ) + v(6i6 4 - 6362)] = 
n(x)y - [61(6163) - ^61(6462) + ^(6164)62 - ^(6362)62] - v [61(6164) - 
61(6362) + (6163)62 - ^(6462)62] = n(x)y - [n(6i) - /m(6 2 )] (63 + v 64) - 

A*(6i, 64, 6 2 ) - f (61, 63, 6 2 ) = -/x(6i, 64, 6 2 ) - v (61, 63, 6 2 ) by a trivial ex- 
tension of the Theorem of Artin. Hence 21 is alternative if and only if 
03 is associative. 

The algebra Fl is not a quadratic algebra, but the identity operator 
on Fl is an involution satisfying (27); also n(al) is nondegenerate on 
Fl. Hence we can use an iterative process (beginning with 03 = Fl) 
to obtain by the above construction algebras of dimension 2* over F; 
these depend completely upon the t nonzero scalars fii, /d 2 , . . . , //* used 
in the successive steps. The norm on each algebra is a nondegenerate 
quadratic form. The 2-dimensional algebras 3 = Fl + Vi(Fl) are 
either quadratic fields over F (jii a nonsquare in F) or isomorphic to 
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F © F (jji a square in F). The 4-dimensional algebras = 3 + v 2 ^> 
are associative central simple algebras (called quaternion algebras) over 
F; any which is not a division algebra is (by Wedderburn's theorem 
on simple associative algebras) isomorphic to the algebra of all 2 x 2 
matrices with elements in F. 

We are concerned with the 8-dimensional algebras £ = + t>30 
which are called Cayley algebras over F . Since any is associative, 
Cayley algebras are alternative. However, no Cayley algebra is associa- 
tive. For is not commutative and there exist q 1: q 2 in such that 
[qi,q 2 ] ^ 0; hence (v 3 ,q 2 ,qi) = (v 3 q 2 )q 1 - v 3 (q 2 qi) = v 3 [q u q 2 \ ^ by 
(28'). Thus this iterative process of constructing alternative algebras 
stops after three steps. The quadratic form n(x) is nondegenerate; also 
it permits composition in the sense that 

(33) n(xy) = n(x)n(y) for all x, y in C 
For n(xy)l = (xy)(xy) = xyyx = n(y)xx = n(x)n(y)l. Also 

(34) t((xy)z) = t(x(yz)) for all x, y, z in 21. 

For (x,y,z) = —(z,y,x) = (z,y,x) implies (xy)z + z(yx) = x(yz) + 
(zy)x, so that (34) holds. 

Theorem 5. Two Cayley algebras £ and £' are isomorphic if and 
only if their corresponding norm forms n(x) and n'(x') are equivalent 
(that is, there is a linear mapping x — ► xH of £ into (£' such that 

(35) n'(xH) = n(x) for all x in £; 
H is necessarily (1-1) since n(x) is nondegenerate). 

Proof: Suppose £ and <£! are isomorphic, the isomorphism being 
H. Then (25) implies (xH) 2 - t(x)(xH) +n(x)V = where T = \H is 
the unity element of £'. But also (xH) 2 - t'(xH)(xH) + n'(xH)Y = 0. 
Hence [t'(xH) - t(x)] (xH) + [n(x) - n'(xH)] T = 0. If x £ Fl, then 
xH $l Fl' and n(x) = n'(xH). On the other hand n(al) = a 2 = 
n'(al'), and we have (35) for all x in £. 

For the converse we need to establish the fact that, if 05 is a proper 
subalgebra of a Cayley algebra (£, if 03 contains the unity element 1 
of £, and if (relative to the nondegenerate symmetric bilinear form 
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(x,y) defined on £ by (32)) OS is a non-isotropic subspace of £ (that 
is, 03 n 03 ^ = 0), then there is a subalgebra 21 = 03 + 1> 23 (constructed 
as above). For the involution x — ► a 7 on £ induces an involution on 
03, since fr = £(&)1 — & is in 03 for all 6 in 03. Also 03 non-isotropic 
implies £ = 03 _L 03^ with 03^ non-isotropic (Jacobson, Lectures in 
Abstract Algebra, vol. II, p. 151; Artin, Geometric Algebra, p. 117). 
Hence there is a non-isotropic vector v in 03^, n(v) = —fj, ^ 0. Since 
t(v) = t(vl) = 2(v, 1) = 0, we have 

(36) v 2 = nl, fi^O in F. 

Now w03 C 03- 1 since (34) implies (va,b) = |t ((va)b) = |t (v(ab 
(v,ba) = for all a, b in 03. Hence 03 _L u03. Also u03 has the same 
dimension as 03 since b — > v b is (1-1). Suppose vb = 0; then v(vb) = 
v 2 b = jjb = 0, implying b = 0. In order to show that 21 = 03 _L t>03 is 
the algebra constructed above, it remains to show that 

(37) a(vb) = v(ab), 

(38) (va)b = b(va), 

(39) (va)(vb) = fiba 

for all a, b in 03. Now t(v) = implies v = —v; hence v in 03^ implies 
= 2(v, b) = t(vb) = vb + bv = vb — bv, or 

(40) bv = vb for all b in 03. 

Hence (v,a, b) + (a,v, b) = = (va)b — v(ab) + (av)b = (va)b — v(ab) + 
{ya)b — a(vb) = [t(a)l — a] v b — v(ab), establishing (37). Applying the 
involution to b(va) = v(ba), and using (40), we have (38). Finally 
(va)(vb) = (va)(bv) = v(ab)v = v 2 (ba) = jiba by the Moufang identity 
(9). Hence 21 = 03 _L 03^ is the subalgebra specified. Since 03 and 03^ 
are non-isotropic, so is 21. [Remark: we have shown incidentally that 
if O. is any quaternion subalgebra containing 1 in a Cayley algebra £, 
then O may be used in the construction of £ as € = Q. + vO..] 

Now let £ and <£' have equivalent norm forms n(x) and n'(x'). Let 
03 (and 03') be as above. If 03 and 03' are isomorphic under Hq, then 
the restrictions of n{x) and n'(x') to 03 and 03' are equivalent. Then by 
Witt's theorem (Jacobson, ibid, p. 162; Artin, ibid, p. 121), since n(x) 
and n'(x') are equivalent, the restrictions of n(x) and n'(x') to 03^ and 
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*B /_L are equivalent. Choose v in 03^ with n(v) 7^ 0; correspondingly we 
have v' in 23 ;± such that n'(v') = n(v). Then a + d 6 — ► ai^o + v'(bHo) is 
an isomorphism of 23 _L uQS onto OS' _L v'QS' by the construction above. 
Hence if we begin with 03 = Fl, 93' = FT, repetition of the process 
gives successively isomorphisms between 3 and 3', H and £5', £ and £'. 

A Cayley algebra £ is a division algebra if and only if n(x) 7^ for 
every x ^ in <£. For rr 7^ 0, n(x) = imply xx = n(x)l = 0, £ has 
zero divisors. Conversely, if n(x) 7^ 0, then x(xy) = (xx)y = n(x)y for 
all y implies ^L X L^ = l c , L" 1 = ^Ls and similarly i?" 1 = ^ife; 
hence if n(x) 7^ for all x 7^ 0, then £ is a division algebra. 

[Remark: If F is the field of all real numbers, the norm form n(x) = 
J2 oti 2 for x = J2 otiUi clearly has the property above. Also there are 
alternative algebras Fl, 3, O., £ with this norm form (take fii = — 1 
at each step). Hence there are real alternative division algebras of 
dimensions 1, 2, 4, 8. It has recently been proved (see reference [12] 
of the appended bibliography of recent papers) that finite-dimensional 
real division algebras can have only these dimensions. It is not true, 
however, that the only finite-dimensional real division algebras are the 
four listed above; they are the only alternative ones. For other examples 
of finite-dimensional real division algebras (necessarily of these specified 
dimensions of course) see reference [23] in the bibliography of the 1955 
Bulletin article.] 

Corollary. Any two Cayley algebras £ and <£' with divisors of zero 
are isomorphic. 

Proof: Show first that £ has divisors of zero if and only if there 
is w $l Fl such that w 2 = 1. For 1 — wj^O, l+w^0 imply 
(1 — w)(l + w) = 1 — w 2 = (note t(w) = implies l±w = l^fwso 
that n(l ± w) = 0). Conversely, if £ has divisors of zero, there exists 
x 7^ in £ with n(x) = 0. Then x = al + u,u E (Fl) = {u | t(u) = 0} 
implies = n(x)l = xx = (al + u)(al — u) = a 2 l — u 2 . If a 7^ 0, then 
w = a~ 1 u satisfies w 2 = 1 (w ^ Fl). If a = 0, then n(u) = so that 
u is an isotropic vector in the non-isotropic space (Fl) ± . Hence there 
exists w in (Fl) 1 - with n(w) = —1 (Jacobson, ibid, p. 154, ex. 3), or 
w 2 = t(w)w — n(w)l = 1 (w £ Fl). 

Now let ei = \(1 — w), e 2 = 1 — e\ = \(1 + w). Then e 2 = e\, 
e 2 = e 2 , eie 2 = e 2 ei = (e\ and e 2 are orthogonal idempotents) . Also 
n(ei) = for i = 1,2. Hence every vector in e^C is isotropic since 
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n{eix) = n(ei)n(x) = 0. This means that e^L is a totally isotropic 
subspace (ej<£ C (ejC)^). Hence dim(ej£) < \ dim £ = 4 (Jacobson, 
p. 170; Artin, p. 122). But x = lx = e\X + e2X for all x in (£, so 
£ = ei<£ + e2C Hence dim(ej£) = 4, and n(x) has maximal Witt index 
= 4 = |dim<£. Similarly n'(x') has maximal Witt index = 4. Hence 
n(rr) and n'(x') are equivalent (Artin, ibid). By Theorem 5, £ and <£' 
are isomorphic. 

Over any field F there is a Cayley algebra without divisors of zero 
(take yU = 1 so v 2 = 1). This unique Cayley algebra over F is called 
the sp/it Cayley algebra over F. 

Fl is both the nucleus and center of any Cayley algebra. Also 
any Cayley algebra is simple (hence central simple over F). (This is 
obvious for all but the split Cayley algebra.) For, if 3 is any nonzero 
ideal of (£, there is x ^ in 3. But x is contained is some quaternion 
subalgebra H of <£. Then H x £2 is an ideal of the simple algebra 0. 
Hence 1 G = £2 x C 3, and 3 = £. 

We omit the proof of the fact that the only alternative central sim- 
ple algebras of finite dimension which are not associative are Cayley 
algebras. (Actually the following stronger result is known: any simple 
alternative ring, which is not a nilring and which is not associative, is 
a Cayley algebra over its center; in the finite-dimensional case the re- 
striction eliminating nilalgebras is not required since Theorem 4 implies 
that 2t 2 7^ 21 for a finite-dimensional alternative nilalgebra). Hence the 
simple components &i in a finite-dimensional semisimple alternative 
algebra are either associative or Cayley algebras over their centers. 

The derivation algebra S)(£) of any Cayley algebra of characteristic 
7^ 3 is a central simple Lie algebra of dimension 14, called an exceptional 
Lie algebra of type G (corresponding to the 14-parameter complex ex- 
ceptional simple Lie group G 2 ). The related subject of automorphisms 
of Cayley algebras is studied in [33]. 



IV. Jordan Algebras 



In the Introduction we denned a (commutative) Jordan algebra Z 
over F to be a commutative algebra in which the Jordan identity 

(1) (xy)x 2 = x{yx 2 ) for all x, y in Z 

is satisfied. Linearization of (1) requires that we assume F has charac- 
teristic 7^ 2; we make this assumption throughout IV. It follows from 
(1) and the identities (2), (3) below that any scalar extension Zk of a 
Jordan algebra Z is a Jordan algebra. 
Replacing x in 

(1') (x,y,x 2 ) = for all a;, y in 3 

by x + Xz (A G -F), the coefficient of A is since F contains at least 
three distinct elements, and we have 

(2) 2(x, y, zx) + (z, y, x 2 ) = for all x, y, z in Z- 

Replacing x in (2) by x + Xw (A 6 F), we have similarly (after dividing 
by 2) the multilinear identity 

(3) {x,y, wz) + (w,y, zx) + (z,y,xw) = for all w, x, t/, z in 3- 

Recalling that L a = R a since Z is commutative, we see that (3) is 
equivalent to 

(3 ; ) [R x , R wz ] + [R w , R zx ] + [R z , R xw ] =0 for all w, x, z in Z 

and to 

yo ) tX z t\ X y Itzltyltx T" -tty-ttzx -^ty(zx) ~r ^x^zy ^x^y^z U 

for all x, t/, 2 in Z- 
Interchange x and y in (3") and subtract to obtain 

(4) [R z , [R x , R y ]] = R(x,z, y ) = Rz[R x ,R y ] for all x, y, 2 in Z- 

29 



30 JORDAN ALGEBRAS 



Now (4) says that, for all x,y in 3, the operator [R x , R y ] is a derivation 
of 3, since the defining condition for a derivation D of an arbitrary 
algebra 21 may be written as 

[R z , D] = R zD for all z in 21. 

Our first objective is to prove that any Jordan algebra 3 is power- 
associative. As in III we define powers of x by x 1 = x, x t+l = xx l , and 
prove 

(5) x l x 3 = x t+3 for all x in 3- 

For any x in -3, write <£> x = R x U R x i. Then the enveloping algebra 
0* is commutative, since the generators R Xl R x i commute by (1). For 
i > 2, we put y = x, z = x l ~ x in (3") to obtain 

(6) R x i+i = R x i-iR x 2 — R x t-iR x — R x R x i-i + 2R x R x i. 

By induction on i we see from (6) that R x i is in (5* for i = 3,4,.... 
Hence 

(7) R x iR x i = R x iR x i for i,j = 1, 2, 3, . . . 
Then, in a proof of (5) by induction on i, we can assume that x l x^ +1 = 

as desired. 

One can prove, by a method similar to the proof of Theorem 4 in 
III (only considerably more complicated since the identities involved 
are more complicated), that any finite-dimensional Jordan nilalgebra 
is nilpotent. We omit the proof, which involves also a proof of the fact 
that 

(8) R x is nilpotent for any nilpotent x 

in a finite-dimensional Jordan algebra. 

As in III, this means that there is a unique maximal nilpotent (= solv- 
able = nil) ideal 9t which is called the radical of Z- Defining -J to 
be semisimple in case 91 = 0, we have seen that 3/91 is semisim- 
ple. The proof that any semisimple Jordan algebra & is a direct sum 
& = ©i © • • • © &t of simple &i is quite complicated for arbitrary F; 
we shall use a trace argument to give a proof for F of characteristic 0. 
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Let e be an idempotent in a Jordan algebra Z- Put i = 2 and x = e 
in (6) to obtain 

(9) 2R\ - 3R 2 e + R e = 0; 

that is, /(-R e ) = where /(A) = (A — 1)(2A — 1)A. Hence the minimal 
polynomial for R e divides /(A), and the only possibilities for charac- 
teristic roots of R e are 1, |, (1 must occur since e is a characteristic 
vector belonging to the characteristic root 1: eR e = e 2 = e / 0). Also 
the minimal polynomial for R e has simple roots. Hence 3 is the vector 
space direct sum 

(10) 3 = 3i + 3i/ 2 + 3o 

where 

(11) Zi = {xi | x { e = ixi} , i = 1,1/2,0. 

Taking a basis for 3 adapted to the Peirce decomposition (10), we see 
that R e has for its matrix relative to this basis the diagonal matrix 
diagjl, 1, . . . , 1, 1/2, 1/2, . . . , 1/2, 0, 0, . . . , 0} where the number of l's 
is dim^i > and the number of 1/2 's is dim^i/2- Hence 



(12) trace R e = dim 3i + \ dim 3i/2- 

If F has characteristic 0, then trace R e ^ 0. 

A symmetric bilinear form (x,y) defined on an arbitrary algebra 
21 is called a trace form (associative or invariant symmetric bilinear 
form) on 21 in case 

(13) (xy,z) = (x,yz) for all x, y, z in 21. 

If 3 is any ideal of an algebra 21 on which such a bilinear form is defined, 
then 3 X is also an ideal of 21: for x in 3, y in 3^, a in 21 imply that xa 
and ax are in 3 so that (x, ay) = (xa, y) = and (x, ya) = (ya, x) = 
(y,ax) = by (13). In particular, the radical 21^ = {x | (x,y) = 
for all y e 21} of the trace form is an ideal of 21. 

We also remark that it follows from (13) that (xR y ,z) = (x,zL y ) 
and (xL y ,z) = (z,yx) = (zy,x) = (x,zR y ) so that, for right (or left) 
multiplications Si determined by bi, 



(14) (xS 1 S 2 ---S h ,y) = (x,yS' h ---S' 2 S' 1 ) 



32 JORDAN ALGEBRAS 



where S[ is the left (or right) multiplication determined by bf, then, if 
23 is any subset of 21, 

(15) (xT, y) = (x, yT') for all x, y in 21, T in 25*, 
where T" is in 25*. 

Theorem 6. The radical 9T of any finite-dimensional Jordan alge- 
bra 3 over F of characteristic is the radical Z L of the trace form 

(16) (x, y) = trace R xy for all x, y in 3. 

Proof: Without any assumption on the characteristic of F it fol- 
lows from (4) that (x,y) in (16) is a trace form: (xy,z) — (x,yz) = 
trace Rt x ,y,z) = since the trace of any commutator is 0. Hence 3 1 " 
is an ideal of 3- If 3 were not a nilideal, then (by Proposition 3) 3 1 " 
would contain an idempotent e (^ 0) and, assuming characteristic 0, 
(e, e) = trace i? e 7^ by (12), a contradiction. Hence J 1 " is a nilideal 
and 3 1 " Q 91. Conversely, if x is in 9t, then rcy is in 9T for every y in 21, 
and i?^ is nilpotent by (8). Hence (x, y) = trace R xy = for all y in 
21; that is, x is in 3" 1 . Hence 91 C 2 1 , 91 = 3^- 

Theorem 7. Let 21 be a finite-dimensional algebra over F (of ar- 
bitrary characteristic) satisfying 

(i) there is a nondegenerate (associative) trace form (x, y) defined 
on 21, and 

(ii) 3 2 ^ for every ideal 3 ^ of 21. 

Then 21 is (uniquely) expressible as a direct sum 21 = ©1 © • • • © © 4 of 
simple ideals ©j. 

Proof: Let © (7^ 0) be a minimal ideal of 21. Since (x, y) is a trace 
form, & L is an ideal of 21. Hence the intersection © fl 6 1 " is either 
or ©, since © is minimal. We show that © totally isotropic (© C & x ) 
leads to a contradiction. 

For, since © 2 7^ by (ii), we know that the ideal of 21 generated 
by © 2 must be the minimal ideal ©. Thus © = © 2 + @ 2 9Jt where 
9Jt is the multiplication algebra of 21. Any element s in © may be 
written in the form 5 = Yl(a>ibi)Ti f° r a ii°i m ©? where Tj = T[ is 
the identity operator l a or Tj is in 971. For every t/ in 21 we have by 
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(15) that (s,y) = J2((aA)Ti,y) = E^,!^) =E(«i,W)) = 
since 6j(yT/) G © C (5^. Then s = since (#,y) is nondegenerate; 
6 = 0, a contradiction. Hence & n S 1 " = 0; that is, (5 is non-isotropic. 
Hence 21 = 6 _L S 1 - and ©- 1 is non-isotropic. That is, 21 = & © S -1 , 
the direct sum of ideals (5, & ± , and the restriction of (x,y) to ©^ is 
a nondegenerate (associative) trace form defined on &^. That is, (i) 
holds for & 1 - as well as 21. Moreover, any ideal of the direct summand 
& or S 1 - is an ideal of 21; hence (3 is simple and (ii) holds for (5^. 
Induction on the dimension of 21 completes the proof. 

Corollary. Any (finite-dimensional) semisimple Jordan algebra Z 
over F of characteristic is (uniquely) expressible as a direct sum 
Z = ©i © • • • © 6* of simple ideals 6j. 

Proof: By Theorem 6 the (associative) trace form (16) is nonde- 
generate; hence (i) is satisfied. Also any ideal 3 such that 3 2 = is 
nilpotent; hence 3 = 0, establishing (ii). 

As mentioned above, the corollary is actually true for F of charac- 
teristic ^ 2. What remains then, as far as the structure of semisimple 
Jordan algebras is concerned, is a determination of the central simple 
algebras. The first step in this is to show that every semisimple Z 
(hence every simple Z) has a unity element 1. Again the argument we 
use here is valid only for characteristic 0, whereas the theorem is true 
in general. 

We begin by returning to the Peirce decomposition (10) of any 
Jordan algebra Z relative to an idempotent e. The subspaces Z\ and 3o 
are orthogonal subalgebras of Z which are related to the subspace Z1/2 
as follows: 

(17) Z1/2Z1/2 Q Zi + Zo, Z1Z1/2 Q Z1/2, Z0Z1/2 Q Zi/2- 

For we may put x = e, z = Xi G Zi, V = Vj £ Zj in (2) to obtain 
2i(e,y j ,x i ) + (x h yj,e) = 0, or (1 - 2i) [(x^-)e - JixiVj)] = °, so that 

(18) ZiZjQZj if i± 1/2. 

Hence Z\ Q Zi, Zo 2 Q Zo, Z1Z0 = Z0Z1 Q Zo n Zi = 0, so Zi and 5 are 
orthogonal subalgebras by (18), and also the last two inclusions in (17) 
hold. Put x = #i/2) z = yi/2, y = w = e in (3) and write #1/22/1/2 = 
a = ai + ay/2 + a to obtain |(#i/2, e, 2/1/2) + (e, e, a) + |(j/i/2, e, #i/ 2 ) = 
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(e, e, a) = 0. Hence ea — e(ea) = a,\ + \a\/ 2 


- e(oi + |oi/ 2 ) = 


ai + |oi/ 2 - oi - |oi/ 2 = |ai/ 2 = 0. Hence £1/22/1/2 


= Oi + a G 3i+3o, 


establishing (17). 




Now 





(19) trace i?^ = for all b G Zi/2- 

For 6 in Z1/2 implies traced = 2tracei? e b = 2(e,6) = 2(e 2 ,6) = 
2(e,e6) = (e, 6) by (16) and (13), so trace i? 6 = (e, 6) = 0. Writing 
x = x\ + X1/2 + Xo, 2/ = yi + 2/1/2 + J/o m accordance with (10), we have 
xy = (xit/i + £1/22/1/2 + £o2/o) + (£i2/i/2 + £1/22/1 + £i/ 2 2/o + £02/1/2) with 
the last term in parentheses in Z1/2 by (17). Hence (19) implies that 

[21)) \ x -,y) = ^ T ^ ce ^xiyi+x 1/2 y 1/2 +x yo- 

Now £1/22/1/2 = c = Ci + Co (cj in 3i) implies trace R Cl + trace i? C(1 = 
trace R c = (x 1/2 , 2/1/2) = 2(ex 1/2 , 2/1/2) = 2(e, £1/22/1/2) = 2tracei? e(ci+Co) 
= 2tracei? Cl , so that trace R Cl = trace R Co . Then (20) may be written 

as 

(20') (x, y) = trace R Xiyi +z , ^0 = 2c + x 2/o in Zo- 

In any algebra 21 over F an idempotent e is called principal in case 
there is no idempotent u in 21 which is orthogonal to e (-u 2 = u ^ 
0, -ue = ew = 0); that is, there is no idempotent u in the subspace 
2to = {£0 I Xo € 21, exo = xoe = 0}. In a finite-dimensional Jordan 
algebra Z, this means that e is a principal idempotent of Z if and only 
if the subalgebra Zo (in the Peirce decomposition (10) relative to e) is 
a nilalgebra. 

Now any finite-dimensional Jordan algebra Z which is not a nilal- 
gebra contains a principal idempotent. For Z contains an idempotent e 
by Proposition 3. If e is not principal, there is an idempotent u in Zo, 
e' = e + u is idempotent, and Zi,e' (the Zi relative to e') contains prop- 
erly Zi, e = Cfi- For xi in 3i, e implies Xie' = Xi(e + u) = X\e + X\U = Xi, 
or Xi is in 3i, e '- That is, Zi, e Q Zi, e '- But u G 3i,e'> it ^ 3i, e - Then 
dim5i, e < dim3i,e') an d this process of increasing dimensions must 
terminate, yielding a principal idempotent. 

Theorem 8. Any semisimple (hence any simple) Jordan algebra 
Z of finite dimension over F of characteristic has a unity element 1. 
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Proof: Z has a principal idempotent e. Then Zo is a nilalgebra, so 
that (x,y) = trace R Xl y 1 by (20') since trace R ZQ = by (8). Hence x 
hi Z1/2 + 3o implies Xi = 0, (x, 2/) = for all y in 5, so x is in 3^. That 
is, 3i/2 + 3o ^ 5" 1 " = 5T = 0, or Z = 3 1; e = 1. 

If ^ contains 1 and ei ^ 1, then t2 = 1 — ei, is an idempotent, 
and the Peirce decompositions relative to ei and e2 coincide (with dif- 
fering subscripts). We introduce a new notation: Zu = 3i,ei ( = 3o,e 2 )> 
3i2 = 3i/2,ei (= 3i/2,e 2 ), ^22 = 3o,ei (= 3i,e a )- More generally if 
1 = ei + e2 + • • • + e t for pairwise orthogonal idempotents e^, we have 
the refined Peirce decomposition 



(21) 3 = £3* 



of Z as the vector space direct sum of subspaces Zu = Zi, ei (1 < i < £)> 
3»j = 3i/2, ej n 3i/2, ej (1 < i < j < t); that is, 



(22) 



■\3i7 -0 jr'i \"^ | *b t xJ 5 Xc-2 7^-^ Jb(z>jf^ I -J— J. 



Multiplicative relationships among the Zij are consequences of (17) and 
the statement preceding it. 

An idempotent e in Z is called primitive in case e is the only idem- 
potent in Zi (that is, e cannot be written as the sum e = u + v of 
orthogonal idempotents), and absolutely primitive in case it is primi- 
tive in any scalar extension Zk of 3. A central simple Jordan algebra Z 
is called reduced in case 1 = e\ + ■ ■ ■ + e* for pairwise orthogonal abso- 
lutely primitive idempotents e« in 3. In this case it can be shown that 
the subalgebras Zu in the Peirce decomposition (22) are 1-dimensional 
(Zu = Fei) and that the subspaces Zij (i ^ j) all have the same dimen- 
sion. If Z is a central simple algebra over F, there is a scalar extension 
Zk which is reduced (for example, take K to be the algebraic closure 
of F), and it can be shown that the number t of pairwise orthogonal 
absolutely primitive idempotents e« in Zk such that 1 = e\ + ■ ■ ■ + e t is 
unique; t is called the degree of Z- 

We list without proof all (finite-dimensional) central simple Jordan 
algebras Z of degree t over F of characteristic ^ 2. Recall from the 
Introduction that Z is a special Jordan algebra in case 3 is isomorphic to 
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a subalgebra of an algebra 2l + where 21 is associative and multiplication 
in 2l + is denned by 

(23) x-y=\{xy + yx). 

We say that each algebra is of type A, B, C, D, or E listed below. 

Aj. Z — 2l + with 21 any central simple associative algebra (nec- 
essarily of dimension t 2 over F). 

An. Let 21 be any involutorial simple associative algebra over F, 
the involution being of the second kind (so that the center 3 of 21 is 
a quadratic extension of F and the involution induces a non-trivial 
automorphism on 3 (Albert, Structure of Algebras, p. 153)). Then 
Z = fj(2l), the £ 2 -dimensional subalgebra of self-adjoint elements in the 
2£ 2 - dimensional algebra 2l + . If Z is of type A\ or An, and if K is the 
algebraic closure of F, then Zk — Kt~ where K t is the algebra of all 
t x t matrices with elements in K. 

B, C. Let 21 be any involutorial central simple associative algebra 
over F (so the involution is of the first kind). Then Z = io(2l), the 
subalgebra of self-adjoint elements in 2l + . There are two types (B and 
C) which may be distinguished by passing to the algebraic closure K 
of F, so that 2tx is a total matrix algebra. In case B the (extended) 
involution on 2l# is transposition (a — ► a') so that 21 has dimension 
t 2 and 3 has dimension ^t(t + 1) over F. In case C the (extended) 

involution on 21^ is a — > g~ 1 a'g where g = J so that 21 has 

dimension 4t 2 and 3 has dimension 2t 2 — t over F. 

D. Let (x,y) be any nondegenerate symmetric bilinear form on 
a vector space 971 of dimension n > 2. Then 3 is the vector space direct 
sum Z = -PT + 9#, multiplication in the (n + l)-dimensional algebra Z 
being defined by xy = (x, y)l for all x, y in DJl. Here t = 2 (dim J > 3). 

E. The algebra £3 of all 3 x 3 matrices with elements in a Cay ley 
algebra (£ over F has the standard involution x — > rr' (conjugate trans- 
pose). The 27-dimensional subspace #((£3) of self- adjoint elements 

(ii c b\ 

(24) c £ 2 a , £j in F, a, 6, c in £, 
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is a (central simple) Jordan algebra of degree t = 3 under the multiplica- 
tion (23) where xy is the multiplication in (£3 (which is not associative). 
Then Z is any algebra such that some scalar extension Zk — $){£s)k 

(= fi((<t*)3)). 

The possibility of additional algebras of degree 1, mentioned in the 
1955 Bulletin article, has been eliminated in reference [32] of the bibli- 
ography of more recent papers. The proof involves use of a two- variable 
identity which is easily seen to be true for special Jordan algebras. But 
any such identity is then true for arbitrary Jordan algebras since it has 
been proved that the free Jordan algebra with two generators is special 
[71; 38], a result which is false for three generators [9]. The identity in 
question is 

(25) {aba} 2 = la{ba 2 b}a\ for all a,b in Z, 

where {abc} is defined in a Jordan algebra Z by {06c} = (ab)c + (bc)a — 
(ac)b, so that {aba} = b(2R a 2 — Rg?). Hence in 2l + (21 associative) we 
have {aba} = 2{b ■ a) ■ a — b ■ a 2 = aba, so that {aba} 2 = aba 2 ba = 
{a{ba 2 b}a}. Then (25) is satisfied in any special Jordan algebra (in 
particular, the free Jordan algebra with two generators) and thus in 
any Jordan algebra. 

Therefore all (finite-dimensional) separable Jordan algebras are 
known, and the Wedderburn decomposition theorem stated in the 1955 
Bulletin article is valid without restriction. Some of the computations 
employed in the original proof may be eliminated [79] . 

A central simple Jordan algebra of degree 2 (that is, of type D) is a 
commutative quadratic algebra with 1 (o 2 — t(a)a + n(a)l = 0) having 
nondegenerate norm form n(a), and conversely. For a = a\ + x, x G 9Jt, 
implies a 2 — t(a)a + n(a)l = where t(a) = 2a, n(a) = a 2 — (x,x), 
and n(a) is nondegenerate if and only if (x,y) is. 

The algebras of types A, B, C are special Jordan algebras by defi- 
nition. An algebra of type D is a subalgebra of 2l + , where 21 is the (as- 
sociative) Clifford algebra of (x,y) (Artin, Geometric Algebra, p. 186). 
But algebras of type E are not special (as we show below), and are 
therefore called exceptional central simple Jordan algebras. Excep- 
tional Jordan division algebras exist (over suitable fields F; but not, 
for example, over a finite field or the field of all real numbers) [2]. If an 
exceptional central simple Jordan algebra Z is not a division algebra, 
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then it is reduced, and Z is isomorphic to an algebra Jo((£ 3 ,r) of self- 
adjoint elements in £3 under a canonical involution x — ► r _1 rrT where 
T = diag{7i,72,73j-, 7« 7^ in F. Isomorphism of reduced exceptional 
simple Jordan algebras is studied in [8]. 

The unifying feature in the list of central simple Jordan algebras 
above is that, for t > 2, a reduced central simple Jordan algebra is iso- 
morphic to the algebra S)(1)t, T) defined as follows: £> is an alternative 
algebra (of dimension 1, 2, 4, or 8) with unity element u and involution 
d — > d satisfying d + d G Fu, dd = n(d)u, n(d) nondegenerate on £>; !D t 
is the algebra of alii x £ matrices with elements in ID; V = diag{7i, 72, 
. . . , 7 t }, 7j 7^ in F . Then x — ► r _1 a;T is a canonical involution in S) t , 
and the set S)(1)t, T) of all self-adjoint elements in 1) t is a subalgebra of 
1)f (that is, we do not need 21 associative to define 2l + by (23)). If £> 
is associative, then £> t = £> (g>F F t is associative, and 3 = io(D<, T) is a 
special Jordan algebra. If 2) is not associative, then Z = -fj(£>t, T) is not 
a Jordan algebra unless t = 3. Hence we have 3 of type B if 2) = Fl; 3 
of type A if 2) = 3 (type Ai if 3 = F © F; type An if 3 is a quadratic 
field over F); Z of type C if 2) = 0; Z of type E if £ = 3 and 2) = <£. 
The corresponding dimensions for Z are clearly t + |t(t — l)(dim2)); 
that is, \t(t + 1) for type B, t 2 for type A, 2t 2 - £ for type C, and 27 
for type E. 

Theorem 9. Any central simple Jordan algebra Z of type E is 
exceptional (that is, is not a special Jordan algebra). 

Proof: It is sufficient to prove that #((£3) is not special. For, if 
Z were special, then Z — Z' Q 2l + with 21 associative implies Zk = 
K®Z = K®Z' C A"®21+ = (if<g>2l)+ = 2l^ + sothat£((£^) 3 ) =^ 
is special, a contradiction. 

Suppose that #(£3) is special. There is an associative algebra 21 (of 
possibly infinite dimension over F) such that U is an isomorphism of 
#(£3) into 2l + . For i = 1, 2, 3 define elements e^ in 21 and 8-dimensional 
subspaces 

&i = {di I d G £} 
of 21 by 

(26) xf/ = £iei + £ 2 e 2 + ^e 3 + «i + 6 2 + c 3 
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for x in (24); that is, for £j in F and a, b, c in £. (Note that our notation 
is such that we will never use e for an element of (£). Then 

(27) S = Fei + Fe 2 + Fe 3 + 6i + 6 2 + 6 3 = £(£ 3 )^ 

is a 27-dimensional subspace of 21. © is a subalgebra of 2l + . The 
mapping V" = t/ _1 defined on & (not on all of 21) is an isomorphism of 
S onto £(€ 3 ): 

(28) (xf/ • yU)V = x-y for all x, y in £(C 3 ). 

For our proof we do not need all of the products in 2l + of elements of 
&. However, performing the multiplications in £j(<£ 3 ), we see that (28) 
yields 

i = 1,2,3; 

a in <£, i = 1, 2, 3; 

a in £, i ^ j; 
i, j, A; distinct, 

where u is the unity element in £; and 

(34) 2o, • 6 j = (6o) fc , 

a, b in (£, i, j, k a cyclic permutation of 1, 2, 3. 

Now (29) and (30) imply that e^ (i = 1,2,3) are pairwise orthogonal 
idempotents. For 21 is associative, so eiej + e^e* = for i ^ j implies 
ei 2 ej + etejei = = e^-ei + e^ej 2 , or e^e,- = e^; hence e^e,- = for 
i t^ j. By an identical proof it follows from (31) that 

(31') ejdi = ciiei = 0, i = 1, 2, 3. 

For i,j, fc distinct, (32) implies e^a,,' + Oj-ej = a.,- = e^a, + a^e^; then 
fcij + ctjf = 2a j for the idempotent / = e^ + e^. Hence / 2 Oj + /%/ = 
2/a^, so /aj/ = /a? and similarly fctjf = cijf; that is, fcij = cijf = af 

(35) (ei + ek)cij = a,j = a,j(ei + ek), i,j, k distinct. 



(29) 


e* = e t (^ 0) 


(30) 


* " J ' 


(31) 


&% * ™i U, 


(32) 


6j * Oj 2 J ' 


(33) 


Xij 6 j ~~r 6&, 
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Also (32) implies ejOj = a,- — a^i, so e^a^i = a^i — a^e 2 = 0: 

(36) e^e* = 0, i ^ j. 
For any a in £, define 

(37) a = e\a 3 u 3 in 21. 

Then (afr)' = e\(ab) 3 u 3 = ei(b±a 2 + a2 b\)u^ = e\a 2 b\U 3 by (34) and 
(31'). Also (34) implies a 3 u\ + u\a 3 = (ua) 2 = cfz and 

(38) u 2 b 3 + hu 2 = 61 • 

Hence (afe)' = ei(a 3 -ui + uia 3 )(u 2 b 3 + b 3 u 2 )u 3 = eia 3 ui(u 2 b 3 + b 3 u 2 )u 3 
by (31'). Now 63^2^3 = 6 3 w 2 (ei + e 3 )w 3 = b 3 u 2 e x u 3 = (b x - u 2 b 3 )eiu 3 = 
-u 2 b 3 eiu 3 = -u 2 (ei + e 3 )b 3 eiu 3 = -u 2 e x b 3 eiu 3 = by (35), (31'), 
(38), and (36). Also U\U 2 b 3 = U\U 2 {e\ + e 2 )b 3 = u 1 u 2 eib 3 = (u 3 — 
u 2 ui)eib 3 = u 3 e\b 3 by (35), (31'), (34). Hence (ab)' = e\a 3 uiu 2 b 3 u 3 = 
e\a 3 u 3 eib 3 u 3 = a'b'. 

Clearly the mapping a — ► a' is linear; hence it is a homomorphism 
of £ onto the subalgebra £' of 21 consisting of all a'. Since £ is simple, 
the kernel of this homomorphism is either or £; in the latter case = 
v! = e\u 3 2 = ei(ei + e 2 ) = e± ^ by (33), and we have a contradiction. 
Hence a — ► a' is an isomorphism. But <£' is associative, whereas £ is 
not. Hence S)(C 3 ) is an exceptional Jordan algebra. 

Any central simple exceptional Jordan algebra % over F is a cw&ic 
algebra: for any x in 3, 

(39) x 3 -T(x)x 2 + Q(x)x-N(x)l = 0, 

T(x), Q(ar), iV(x) in F. 

Here x 2 a; = xx 2 (= x 3 ) since 3 is commutative. It is sufficient to show 
(39) for Sj(<t 3 ). But x in (24) implies (39) where 

(40) T(o;) =6 + 6 + 6, 

Q(x) = 66 + 66 + 66 - n(a) - n(b) - n(c) 
= § [(T(x)) 2 - T(x 2 )} , 
(42) N(x) = 666 - 6«(«) - 6n(6) - 6«(c) + t(o6c); 
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if F has characteristic ^ 3 (as well as ^ 2), formula (42) may be written 

as 

(42') N(x) = I [(T(x)f - 3T(x)T(x 2 ) + 2T(x 3 )] . 

The cubic norm form (42) satisfies N ({xyx}) = [N(x)] N(y); that is, 
N(x) permits a new type of composition [35; 69]. 

In the 1955 Bulletin article, only passing mention is made in §7 
of the relationships between exceptional central simple Jordan alge- 
bras Z and exceptional simple Lie algebras and groups; relationships 
which stem from the fact that the derivation algebra 2) (3) is a central 
simple Lie algebra of dimension 52, called an exceptional Lie algebra 
of type F (corresponding to the 52-parameter complex exceptional Lie 
group F±) — a proof of this for F of characteristic ^ 2 appears in [36] 
(characteristic ^ 2, 3 in [70]). Since 1955 the relationships, including 
a characterization of Cayley planes by means of i3(C 3 ,F), have been 
vigorously exploited [18; 19; 20; 35; 36; 37; 39; 70; 76; 78; 81; 82]. 



V. Power-associative Algebras 

We recall that an algebra 21 over F is called power-associative in 
case the subalgebra F[x] generated by any element x of 21 is associative. 
We have seen that this is equivalent to defining, for any x in 21, 

and requiring 

(1) x i x j = x i+j for i,j = 1,2,3,... 

All algebras mentioned in the Introduction are power-associative (Lie 
algebras trivially, since x 2 = implies x l = for i = 2, 3, . . . ). We shall 
encounter in V new examples of power-associative algebras. 

The most important tool in the study of noncommutative power- 
associative algebras 21 is the passage to the commutative algebra 2l + . 
Let F have characteristic ^ 2 throughout V; we shall also require that 
F contains at least four distinct elements. The algebra 2l + is the same 
vector space as 21 over F, but multiplication in 2l + is defined by 

(2) x ■ y = \{xy + yx) for x, y in 21, 

where xy is the (nonassociative) product in 21. If 21 is power- associative, 
then (as in the Introduction) powers in 21 and 2l + coincide, and it follows 
that 2l + is a commutative power-associative algebra. 
Let 21 be power-associative. Then (2) implies 

(3) x 2 x = xx 2 for all x in 21 
and 

(4) x x = x(xx ) for all x in 21. 



In terms of associators, we have 



(3') 


(x,x,x) = 


and 




(4') 


I tXj • *k> - tXj J w 



for all x in 21 
for all x in 21. 
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Also (3) may be written in terms of a commutator as 

(3") [x 2 ,x]=0 for all x in 21. 

Using the linearization process employed in IV, we obtain from (3"), 
by way of the intermediate identity 

(3'") 2[x -y,x] + [x 2 , y] = for all x, y in 21, 

the multilinear identity 

(3m) [x ■ y, z] + [y ■ z, x] + [z • x, y] = for all x, y, z in 21. 

Similarly, assuming four distinct elements in F, (4) is equivalent to 

(4") 2(x, x, x • y) + (x, y, x 2 ) + (y, x, x 2 ) = for all x, y in 21, 

to 

2(x, y,x • z) + 2(x, z,x • y) + 2(y, x, x • z) + 2(x, x,y • z) 
+ 2(z, x, x ■ y) + (y, z, x 2 ) + (z, y, x 2 ) = 

for all x,y, z in 21, 
and finally to the multilinear identity 

(x, y,z • w) + (z, y,w • x) + (w, y,x ■ z) 
+(y,x,z-w) + (z,x,w -y) + (w,x,y- z) 
+(z,w,x • y) + (x,w,y ■ z) + (y,w,z ■ x) 
+(w, z,x • y) + (x, z,y • w) + (y,z,w • x) = 

for all x,y, z,w in 21, 

where in each row of the formula (4m) we have left one of the four 
elements x, y, z, w fixed in the middle position of the associator and 
permuted the remaining three cyclically. 

We omit the proof of the fact that, if F has characteristic 0, then 
identities (3) and (4) are sufficient to insure that an algebra is power- 
associative; the proof involves inductions employing the multilinear 
identities (3m) and (4m). We omit similarly a proof of the fact that, 
if F has characteristic 7^ 2, 3, 5, the single identity (4) in a commuta- 
tive algebra implies power-associativity One consequence of this latter 
fact is that in a number of proofs concerning power- associative algebras 
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separate consideration has to be given to the characteristic 3 or 5 case 
by bringing in associativity of fifth or sixth powers and an assumption 
that F contains at least 6 distinct elements. We shall omit these details, 
simply by assuming characteristic ^ 3, 5 upon occasion. 

An algebra 21 over F is called strictly power-associative in case 
every scalar extension 2l#- is power-associative. If 21 is a commutative 
power-associative algebra over F of characteristic ^ 2, 3, 5, then 21 is 
strictly power-associative. The assumption of strict power-associativity 
is employed in the noncommutative case, and in the commutative case 
of characteristic 3 or 5, when one wishes to use the method of extension 
of the base field. 

Let 21 be a finite-dimensional power- associative algebra over F. 
Just as in the proofs of Propositions 1 and 2, one may argue that 21 
has a unique maximal nilideal OT, and that 21/0? has maximal nilideal 
0. For if 21 is a power-associative algebra which contains a nilideal 3 
such that 21/3 is a nilalgebra, then 21 is a nilalgebra. [If x is in 21, then 
x s = x s = for some s, so that x s = y G 3 and x rs = (x s ) r = y r = for 
some r] Since any homomorphic image of a nilalgebra is a nilalgebra, 
it follows from the second isomorphism theorem that, if 03 and £ are 
nilideals, then so is 03 + C For (03 + £)/£ = 03/(03 n <£) is a nilalgebra, 
so 03 + £ is. This establishes the uniqueness of 01. It follows as in the 
proof of Proposition 2 that is the only nilideal of 21/OT. 0T is called the 
nilradical of 21, and 21 is called semisimple in case 0? = 0. Of course any 
anticommutative algebra (for example, any Lie algebra) is a nilalgebra, 
and hence is its own nilradical. Hence this concept of semisimplicity is 
trivial for anticommutative algebras. 

For the moment let 21 be a commutative power-associative algebra, 
and let e be an idempotent in 21. Putting x = e in (4") and using 
commutativity, we have y(2R e 3 — SR e 2 + R e ) = for all y in 21, or 

(5) 2R e 3 - 3R e 2 + R e = 

for any idempotent e in a commutative power-associative algebra 21. As 
we have seen in the case of Jordan algebras in IV, this gives a Peirce 
decomposition 

(6) 21 = 2li + 2li /2 + 2l 

of 21 as a vector space direct sum of subspaces 2lj defined by 

(7) 2lj = {xi | Xie = ixi}, i = 1, 1/2,0; 21 commutative. 
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Now if 21 is any power-associative algebra, the algebra 2l + is a commuta- 
tive power-associative algebra. Hence we have the Peirce decomposition 
(6) where 

(7') 2lj = {xi | exi + Xie = 2ixi}, i = 1, 1/2, 0. 

Put 2/ = z = e in (3m) and let x = Xj G 21; as in (7') to obtain 
(2i — 1)[xj, e] = 0; that is, a^e = ex; t if i ^ 1/2. Hence (7') becomes 

~n \x; | Gx; X;6 ZX;j, £ 1, U, 

2li/ 2 = {£1/2 | exi/2 + Xi/ 2 e = Xi/ 2 } 

in the Peirce decomposition (6) of any power-associative algebra 21. 
As we have just seen, the properties of commutative power- associative 
algebras may be used (via 2l + ) to obtain properties of arbitrary power- 
associative algebras. 

Let 21 be a commutative power-associative algebra with Peirce de- 
composition (6), (7) relative to an idempotent e. Then 2li and 2lo are 
orthogonal subalgebras of 21 which are related to 2li/2 as follows: 

2li/ 2 2li/ 2 C 2li + 2to, 

(8) 2l 1 2l 1/2 C 2t 1/2 + 2l , 
2l 2li /2 C 2li + 2l 1/2 . 

Note that the last two inclusion relations of (8) are weaker than for 
Jordan algebras in IV. The proofs are similar to those in IV, and are 
given by putting x = e, y = i/j G 2lj, z = X{ G 21; in (4'"). We omit 
the details except to note that the characteristic 3 case of orthogonality 
requires associativity of fifth powers. 

For x G 2li, w G 2li/2, we have vox = (wx) 1 / 2 + (wx)o G 2li/ 2 + 2lo 
by (8). Then w — ► (wx)i/ 2 is a linear operator on 2li/ 2 which we denote 
by S x : 

(9) wS x = (wx)i/2 for x G 2ti, w G 2li/ 2 . 

If 53 is the (associative) algebra of all linear operators on 2li/2, then 
x —y 2S X is a homomorphism of 21 1 into the special Jordan algebra Sj + , 
for x — ► S^ is clearly linear and we verify 

(10) S^,, = S x S y + S^S^ for all x, y in 2li 



(12) 


wT z 


= {wz)y 2 


we have 






(13) 


T 
± zy 


— T T 4-T T 

± z-L y \ ± y ± z 


and 






(14) 


&X-I-Z 


= J- z&x 
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as follows: put x G 2li, y G 2li, z = e, w G 2l 1 / 2 in (4m) to obtain 
(11) e [2/(tux) + x(wy) + iu(xj/)] + w(xy) — 2x(yw) — 2y(xw) = 0, 

since e(yw) = | (2/10)1/2 i m pli es ^ [ e (2/' u, )] = | a; (2/' u, )i/2 = f^(?/w) an d 
y [e(xw)] = \y{xw) by interchange of x and j/. By taking the 2li/ 2 
component in (11), we have (10) after dividing by 3. Similarly, defining 
the linear operator T z on 2li/2 for any z in 21q by 

for z G 2lo, to G 2li/2, 
for all z,y in 2l , 

for all x in 2li, 2 in QIq. 

This is part of the basic machinery used in developing the structure 
theory for commutative power- associative algebras as reported in the 
1955 Bulletin article. The result that simple algebras (actually rings) 
of degree greater than 2 are Jordan has been extended by the same 
technique to flexible power-associative rings (the conclusion being that 
2l + is Jordan) [58]. All semisimple commutative power-associative al- 
gebras of characteristic are Jordan algebras [51]. The determination 
of all simple commutative power-associative algebras of degree 2 and 
characteristic p > is still not complete [1; 24]. 

Here we shall develop only as much of the technique as will be 
required in the proof of the following generalization of Wedderburn's 
theorem that every finite associative division ring is a field (Artin, Geo- 
metric Algebra, p. 37). In IV it was mentioned that exceptional Jordan 
division algebras do exist over suitable fields F; however, F cannot be 
finite in that event and we assume this particular case of the following 
theorem (as well as Wedderburn's theorem) in the proof of 

Theorem 10. Let 2) be a finite power-associative division ring of 

characteristic 7^ 2,3,5. Then 2) is a field. 

For the proof we require an exercise and a lemma. 

Exercise. If u and v are orthogonal idempotents in a commutative 
power-associative algebra 21, then 

(15) R U R V = RvRu- 



POWER-ASSOCIATIVE ALGEBRAS 47 



(Hint: put x = u, y = v in (4'") and use (5). After considerable 
manipulation, and use of characteristic ^ 3, 5, this (together with what 
one obtains by interchanging u and v) will yield (15).) 

Lemma. Let e be a principal idempotent in a commutative power- 
associative algebra 21 (that is, 2t i n (7) is a nilalgebra). Then every 
element in 2li/2 is nilpotent. 

Proof: To obtain (18') below, one does not need to assume that e 
is principal. For any w G 2li/2 put x = w, y = e in (4") to obtain 

(16) w 3 — w(ew 2 ) — ew 3 = for it; in 2li/ 2 

,2\ ^ or -v _ f„„2\. ,- Of „„ fl,„f „„2 _ „. , „ „„„2 



Let x = (w )i G 2ti, 2 = (w )o G 2l , so that w = x + z, ew = x, 
w(ew 2 ) = vox = (wx)i/2 + {wx)q. Also w 3 = wx + wz = (wx)i/2 + 
(wx) + (w -2)1/2 + (««z)i so that ew 3 = \{wx)i/ 2 + \(wz)i /2 + (w-z)i. 
Then (16) implies (wx)i/2 = (wz)i/2, or 



(17) wSj = tuT^ for any w in 2t 1 / 2 
where w 2 = x + z, x = (w 2 )i, z = (w 2 ) . Now 

(18) wS x k = wT z k for k = 1,2,3, ... 

For (17) is the case fc = 1 of (18) and, assuming (18), we have wS x +1 = 
w5 x fc 5 x = wT z k S x = wS x T z k = wT z k+l by (14). But (10) and (13) 
imply S x k = 2 k ~ 1 S x k , T z u = 2 k ~ 1 T z k , so (18) yields 

(18') wS x k=wT g k for k = 1,2,3, ... 

where u> is any element of 5Xi/ 2 and w 2 = x + z, x G 2li, -2 G 2lo- 

Now let e be a principal idempotent in 21. Then every element to 
in 2li/2 is nilpotent. For z = (w 2 )q is nilpotent, and z h = for some fc. 
By (18') we have w 2k+l = w(w 2 ) k = w(x + z) k = w(x k + z k ) = wx k = 
{wx k )\/2 + (wx k )o = wS x k + (wx k )o = (wx k )o in 2Xo is nilpotent; hence 
16' is nilpotent. 

We use the Lemma to prove that any finite- dimensional power- 
associative division algebra £> over a field F has a unity element 1. 
For S) + is a (finite-dimensional) commutative power-associative alge- 
bra without nilpotent elements 7^ 0, so 33 + contains a principal idem- 
potent e (as in IV, £> + contains an idempotent e; if e is not principal, 
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there is an idempotent u G SDq" = 2)o~ e , e' = e + -u is idempotent, 
dim£>^ e < dimlD^g/, and the increasing dimensions must terminate). 
By the Lemma, since is the only nilpotent element in 2) + , we have 
^1/2 = £>^ = 0, D + = £>t, e is a unity element for 2) + . By (7") e is a 
unity element for 2). 

Proof of Theorem 10: We are assuming that £> is a finite power- 
associative division ring. We have seen in II that this means that £> 
is a (finite-dimensional) division algebra over a (finite) field. Hence we 
have just seen that 2D has a unity element 1, so that X> is an algebra over 
its center. Thus we may as well take £> to be an algebra over its center 
F, a finite field. Hence F is perfect (Zariski-Samuel, Commutative 
Algebra, vol. I, p. 65). 

Now £> + is a Jordan algebra over F. For let x,y be any elements 
of £) + . If x £ Fl, the Jordan identity 

(19) {x ■ y) ■ x 2 = x ■ (y ■ x 2 ) for all x, y in £) + 

holds trivially. Otherwise the (commutative associative) subalgebra 
F[x] of S) + is a finite (necessarily separable) extension of F, so there 
is an extension K of F such that Ffx]^ = K (B K (B ■ ■ ■ (B K, a: is a 
linear combination x = £ie± + £2^2 + • • • + ^ n e n of pairwise orthogonal 
idempotents ei in F[x]a- C (1) + ) k with coefficients in K. In order to 
establish (19), it is sufficient to establish 

(19') (e i -y)-(e j -e k ) = e i -[y-(e j -e k )], i,j,k = l,...,n. 

For j 7^ k, (19') is obvious; for j = k, (19') reduces to (15). 

Now the radical of £> + (consisting of nilpotent elements) is 0. Al- 
though our proof of the Corollary to Theorem 7 is valid only for char- 
acteristic 0, we remarked in IV that the conclusion is valid for char- 
acteristic 7^ 0. Hence 2) + is a direct sum ©1 • • • <5 r of r simple 
ideals ©j, each with unity element e^. The existence of an idempotent 
e 7^ 1 in £> + is sufficient to give zero divisors in 2), a contradiction, 
since the product e(l — e) = in 2). Hence r = 1 and £> + is a sim- 
ple Jordan algebra over F . Let C be the center of 2) + . Then C is a 
finite separable extension of F, C = F[z], z G C (Zariski-Samuel, ibid, 
p. 84). If ID + = C = F[z], then D = F[z] is a field, and the theorem 
is established. Hence we may assume that 1) + 7^ C, so £> + is a central 
simple Jordan algebra of degree t > 2 over the finite field C and is 
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of one of the types A-E listed in IV. We are assuming that type E is 
known not to occur. The other types are eliminated as follows. 

Wedderburn's theorem implies that, over any finite field, there are 
no associative central division algebras of dimension > 1. Hence, by 
Wedderburn's theorem on simple associative algebras, every associative 
central simple algebra over a finite field is a total matric algebra. Thus 
we have the following possibilities: 

A : . D + = C t + , £ > 2. Then C t + contains an idempotent e n ^ 1, 
a contradiction. 

An. 2) + is the set io(3t) of self-adjoint elements in 3t, 3 a 
quadratic extension of C, where the involution may be taken to be 
a —y g~ 1 a'g with g a diagonal matrix. Hence j}(3t) contains en ^ 1, a 
contradiction. 

B. £> + = S)(C t ), the involution being a — ► g~ x a' g with g diago- 
nal; hence $)(C t ) contains en ^ 1, a contradiction. 

C. S) + = S)(C2t), the involution being a — ► g~ 1 a'g, g = 
n )' ^(^ 2t ) con f a i ns the idempotent en + e t+ i >t+ i 7^ 1, a 

contradiction. 

There remains the possibility that !D + might be of type D (where 
the dimension is necessarily > 3). The basis Ui,...,u n for DJl may 
be normalized so that (v,i,Uj) = for i 7^ j, (wi,Wj) = «i 7^ in C; 
that is, -Uj 2 = aT, U{ ■ Uj = for i ^ j. Each of the fields C[ui] is 
a quadratic extension of C. But in the sense of isomorphism there is 
only one quadratic extension of the finite field C (Zariski-Samuel, ibid, 
pp. 73, 83); hence all ctj may be taken to be the same nonsquare a in 
C. Let j3 be any element of C . Then w = f3u\ + U2 ^ F\ implies F[w] 
is isomorphic to F[wi], so w 2 = (f3 2 + l)al = 7 2 al, 7 in C; that is, for 
any (3 G C, there is 7 G C satisfying 

(20) 7 2 = (3 2 + 1. 

Now let P be the prime field of characteristic p contained in C. It 
follows from (20) that all elements in P are squares of elements in C. 
For 1 (also 0) satisfies this condition, and it follows by induction from 
(20) that all elements in P do. In particular, — 1 = j3 2 for some /3 G C. 
Then w 2 = {f3u\ + u 2 ) 2 = 0, a contradiction. 
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Theorem 11. Let 21 be a finite- dimensional power-associative al- 
gebra over F satisfying the following conditions: 

(i) there is an (associative) trace form (x,y) defined on 21; 

(ii) (e, e) ^ for any idempotent e in 21; 

(iii) (x, y) = if x • y is nilpotent, x, y in 21. 

Then the nilradical 91 of 21 coincides with the nilradical of 2l + , and is the 
radical 21 -1 of the trace form (x,y). The semisimple power-associative 
algebra & = 21/91 satisfies (i)-(iii) with (x,y) nondegenerate. For any 
such & we have 

(a) 6 = Si • • • & t for simple &f, 

(b) S is flexible. 

If F has characteristic ^ 5, then 

(c) (3 + is a semisimple Jordan algebra; 

(d) &f is a simple (Jordan) algebra, i = 1, . . . , t. 

Proof: By (i) we know from IV that 21^ is an ideal of 21. If there 
were an idempotent e in 21^, then (ii) would imply (e,e) ^ 0, a contra- 
diction. Hence 21^ is a nilideal: 21^ C 01. Conversely, x in 91 implies 
x ■ y is in 91 for all y in 21, so that (x, y) = for all y in 91 by (iii), or 
x is in 21^. Hence 91 C 21" 1 , 91 = 21^. Any ideal of 21 is clearly an ideal 
of 2l + ; hence any nilideal of 21 is a nilideal of 2l + , and 91 is contained 
in the nilradical 91i of 2l + . But x in 91i implies x ■ y is in 91 1 for all y 
in 2l + , or (x, y) = by (iii) and we have 91i C 21^ = 91. 

Now (x,y) induces a nondegenerate symmetric bilinear form (x,y) 
on 21/21 1 " = 21/91 where x = x + 91, etc.; that is, (x,y) = (x,y). 
Then (xy,z) = (xy,z) = (xy,z) = (x,yz) = (x,yz), so (x, y) is a 
trace form. To show (ii) we take any idempotent e in 21/91 and use 
the power-associativity of 21 to "lift" the idempotent to 21: F[e] is a 
subalgebra of 21 which is not a nilalgebra, so there is an idempotent 
u E F[e] C Fe + 91, and u = e. Then (e, e) = (w, u) = (u,u) ^ 0. 
Suppose x ■ y = x ■ y is nilpotent. Then some power of x ■ y is in 91, 
x ■ y is nilpotent, and (x, y) = (x,y) = 0, establishing (iii). 

Now let & satisfy (i)-(iii) with (x, y) nondegenerate. Then the 
nilradical of & is 0, and the hypotheses of Theorem 7 apply. For if 
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3 2 = for an ideal J of 6, then 3 is a nilideal, 3 = 0. We have 
© = ©i © • • • © ©t for simple ©;; also we know that the ©j are not 
nilalgebras (for then they would be nilideals of ©), but this will follow 
from (d). 

Now (3'") implies that a ■ z = where o = 2[x ■ y,x] + [x 2 ,y]. 
Since a ■ z is nilpotent, (hi) implies (0,2) = ((xy)x,z) + ((yx)x, 2) — 
(x(xy),z) — (x(yx), z) + (x 2 y, z) — (yx 2 , z) = for all x, y, z in ©. The 
properties of a trace form imply that 

(21) (xy + yx, xz — zx) = (x 2 , zy — yz). 

Interchange z and y to obtain (xz + zx,xy — yx) = (x 2 ,yz — zy) = 
(xy + yx,zx — xz) by (21). Add (xy + yx,xz + zx) to both sides of 
this to obtain (xy, xz + zx) = (xy + yx, zx). Then (xy, xz) = (yx, zx), 
so that 

(22) ((xy)x,z) = (x(yx),z) for all x,y,z in ©. 

Since (x,y) is nondegenerate on ©, (22) implies (xy)x = x(yx); that 
is, 6 is flexible. 

To prove (c) we note hrst that (x,y) is a trace form on © + : 

(23) (x ■ y,z) = (x, y ■ z) for all x, y, z in ©. 
Also it follows from (23), just as in formula (14) of IV, that 

(24) (ySiS 2 ■■■S h ,z) = (y, zS h --- S 2 Si) 

where Si are right multiplications of the commutative algebra © + . In 
the commutative power-associative algebra © + formula (4") becomes 

(25) Ax 2 ■ (x ■ y) — 2x ■ [x ■ (x ■ y)] — x ■ (y ■ x 2 ) — y ■ x 3 = 0. 

Applying the same procedure as above, we write a for the left side of 
(25), have a ■ z = for all z in © + , so (hi) implies 4 (x 2 ■ (x ■ y),z) — 
2 (x • [x • (x ■ y)] , z) — (x • (y ■ x 2 ), z) — (y ■ x 3 , z) = or 

(26) (y ■ z, x 3 ) + 2 (x • [x • (x • y)\, z) = A(x ■ y,x 2 ■ z) — (y ■ x 2 , x ■ z). 

By (24) the left-hand side of (26) is unaltered by interchange of y and 
z. Hence 4(x ■ y,x 2 ■ z) — (y ■ x 2 , x ■ z) = 4(x ■ z,x 2 ■ y) — (z ■ x 2 , x ■ y) so 
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that (after dividing by 5) we have (x ■ y,x 2 ■ z) = (y ■ x 2 ,x ■ z). Hence 
((x ■ y) ■ x 2 , z) = (x • (y ■ x 2 ), z) for all z in S, or (x ■ y) ■ x 2 = x ■ (y ■ x 2 ), 
& + is a Jordan algebra. We know from IV that, since the nilradical of 
& + is 0, & + is a direct sum of simple ideals, but it is conceivable that 
these are not the (5j + given by (a). To see that the simple components 
of & + are the &i + given by (a), we need to establish (d). 

Let X be an ideal of &i + ; we need to show that X is an ideal of Sj. 
It follows from (a) that X is an ideal of (5 + , and is therefore by (c) a 
direct sum of simple ideals of & + each of which has a unity element. 
The sum of these pairwise orthogonal idempotents in & + is the unity 
element e of X. Now e is an idempotent in & + (and <5), and the Peirce 
decomposition (7") characterizes X as 

(27) X = 6i lC = {t e 6 | et = te = t}. 

Let s be any element of 6. Then flexibility implies (s, t, e) + (e, t, s) = 0, 
or 

(28) (st)e - st + ts = e(ts) for all t G X, s e &. 

But X an ideal of (3 + implies that s -t G X, so that st + ts = e(st + ts) = 
e(st) + (st)e -st + ts by (27) and (28); that is, e(st) + (st)e = 2st, and 
st is in X = @i )e by (T). But then s ■ t in X implies ts is in X also; X is 
an ideal of &. Then X C & i is an ideal of (5j. Hence the only ideals of 
&i + are and &i + . Since 6j + cannot be a zero algebra, (5j + is simple. 

We list without proof the central simple flexible algebras 21 over 
F which are such that 2l + is a (central) simple Jordan algebra. These 
are the algebras which (over their centers) can appear as the simple 
components &i in (a) above: 

1. 21 is a central simple (commutative) Jordan algebra. 

2. 21 is a quasiassociative central simple algebra. That is, there 
is a scalar extension 21^-, K a quadratic extension of F, such that 21^ is 
isomorphic to an algebra 25(A) defined as follows: 03 is a central simple 
associative algebra over K, X ^ | is a fixed element of K, and 03(A) 
is the same vector space over K as 03 but multiplication in 03(A) is 
defined by 

(29) x * y = Xxy + (1 — X)yx for all x, y in 03 
where xy is the (associative) product in 03. 



(30) 


T(x) = 


= (l,x) 


and have 






(31) 


(x,y) = 


= T{xy) 
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3. 21 is a flexible quadratic algebra over F with nondegenerate 
norm form. 

Note that, except for Lie algebras, all of the central simple algebras 
which we have mentioned in these notes are listed here (associative 
algebras are the case A = 1 (also A = 0) in 2; Cay ley algebras are 
included in 3). 

We should remark that, if an algebra 21 contains 1, any trace form 
(x,y) on 21 may be expressed in terms of a linear form T{x). That is, 
we write 

for all x in 21, 

for all x, y in 21 

since (xl, y) = (1, xy). The symmetry and the associativity of the trace 
form (x,y) are equivalent to the vanishing of T(x) on commutators and 
associators: 

(32) ,, s s ' ^ for all x, y, z in 21. 

1 ' T((xy)z)=T(x(yz)) 

If 21 is power-associative, hypotheses (ii) and (iii) of Theorem 11 become 

(33) T(e) ^ for any idempotent e in 21, 
and 

(34) T(z) = for any nilpotent z in 21, 

the latter being evident as follows: (34) implies that, if x -y is nilpotent, 
thenO = T(x-y) = (l,x-y) = \{l,xy) + \{l,yx) = \{x,y) + \(y,x) = 
(x,y) and, conversely, if z = 1 • z is nilpotent, then (iii) implies T(z) = 

(M) = o. 

A natural generalization to noncommutative algebras of the class 
of (commutative) Jordan algebras is the class of algebras 3 satisfying 
the Jordan identity 

(35) (xy)x 2 = x(yx 2 ) for all x, y in Z- 
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As in IV, we can linearize (35) to obtain 

(35') (x, y,w • z) + (w, y,z ■ x) + (z,y,x • w) = 

for all w,x,y, z in 3- 

If -J contains 1, then w = 1 in (35') implies 

(36) (x, y, z) + (z, y, x) = for all x,y,z in 3; 
that is, 3 is flexible: 

(37) (xy)x = x(yx) for all x,y in 3- 

If a unity element 1 is adjoined to 3 as in II, then a necessary and suf- 
ficient condition that (35') be satisfied in the algebra with 1 adjoined 
is that both (35') and (36) be satisfied in Z- Hence we define a non- 
commutative Jordan algebra to be an algebra satisfying both (35) and 

(37). 

Exercise. Prove: A flexible algebra % is a noncommutative Jordan 
algebra if and only if any one of the following is satisfied: 

(38) (x 2 y)x = x 2 (yx) for all x,y in 3 

(39) x 2 (xy) = x(x 2 y) for all x,y in Z 

(40) (yx)x 2 = (yx 2 )x for all x, y in $ 

(41) Z + is a (commutative) Jordan algebra. 

We see from (41) that any semisimple algebra (of characteristic 
7^ 5) satisfying the hypotheses of Theorem 11 is a noncommutative 
Jordan algebra. 

Since (35') and (36) are multilinear, any scalar extension 21^ of a 
noncommutative Jordan algebra is a noncommutative Jordan algebra. 
It may be verified directly that any noncommutative Jordan algebra is 
power-associative (hence strictly power-associative). 

Let -3 be any noncommutative Jordan algebra. By (41) % + is a 
(commutative) Jordan algebra, and we have seen in IV that a trace 
form on % + may be given in terms of right multiplications of % + . Our 
application of this to the situation here works more smoothly if there is 
a unity element 1 in 3, so (if necessary) we adjoin one to Z to obtain a 
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noncommutative Jordan algebra 3i with 1 and having 3 as a subalgebra 
(actually ideal). Then by the proof of Theorem 6 we know that 

(42) (x, y) = trace R+. y = \ tiace(R x . y + L x . y ) 

for all x, y in Zi 

is a trace form on 3i + where R + indicates the right multiplication in 
3i + ; hence (23) holds for all x, y, z in 3i, where (re, y) is the symmetric 
bilinear form (42). In terms of T(x) defined by (30), we see that (23) 
is equivalent to 

(43) T ((# • y) ■ z) = T (x ■ (y ■ z)) for all x, y, z in 3i- 
Now (36) implies 

(44) L xy - L y L x + R y R x - R yx = for all x, y in Zi- 
Interchanging x and y in (44), and subtracting, we have 

(45) R [Xt y] + L[ x>y] = [R y , R x ] + [L x , L y ] for all x, y in Zi- 

Hence T([x,y]) = (l,[x,y]) = \ trace(R [Xjy] + L [Xjy] ) = by (42) 
and (45). Then xy = x • y + |[rc, y] implies T{xy) = T(x ■ y) = 
\T{xy) + \T{yx), or 

(46) T(xy) = T(yx) = (x,y) for all x, y in 3i 

since T(x • 2/) = (l,x • y) = (x,y) by (23). Now (43) and (46) imply 
that (x,y) is a trace form on 5i- For = 4T [(# • t/) • z — x ■ (y ■ z)\ = 
T [{xy)z + (yx)z + z(xy) + z(yx) — x(yz) — x(zy) — (yz)x — [zy)x] = 
2T[(xy)z — x(yz) — (zy)x + z{yx)\ = 4T [{xy)z — x{yz)\ by (36), so 
T {{xy)z) = T(x(yz)), or (xy,z) = (x,yz) as desired. Then (42) 
induces a trace form on the subalgebra 3 of 3i- 

Corollary to Theorem 11. Modulo its nilradical, any finite- 
dimensional noncommutative Jordan algebra of characteristic is 
(uniquely) expressible as a direct sum 6i © ••■ ® 6 ( of simple ideals 
&i. Over their centers these &i are central simple algebras of the 
following types: (commutative) Jordan, quasiassociative, or flexible 
quadratic. 
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Proof: Only the verification for (x, y) in (42) of hypotheses (ii) and 
(iii) remains. But these are (12) and (8) of IV. 

It was remarked in IV that, although proof was given only for com- 
mutative Jordan algebras of characteristic 0, the results were valid for 
arbitrary characteristic (^ 2). The same statement cannot be made 
here. The trace argument in Theorem 11 can be modified to give the 
direct sum decomposition for semisimple algebras [58]. But new cen- 
tral simple algebras occur for characteristic p [52; 55]; central simple 
algebras which are not listed in the Corollary above are necessarily of 
degree one [58] and are ramified in the sense of [35]. 

A finite- dimensional power-associative algebra 21 with 1 over F 
is called a nodal algebra in case every element of 21 is of the form 
a\ + z where a G F and z is nilpotent, and 21 is not of the form 
21 = Fl + 91 for 91 a nil subalgebra of 21. There are no such algebras 
which are alternative (of arbitrary characteristic), commutative Jordan 
(of characteristic ^ 2) [32], or noncommutative Jordan of characteristic 
0. But nodal noncommutative Jordan algebras of characteristic p > 
do exist. Any nodal algebra has a homomorphic image which is a simple 
nodal algebra. 

Let 3 be a nodal noncommutative Jordan algebra over F . Since the 
commutative Jordan algebra Z + is not a nodal algebra, Z + = Fl + 9t + 
where 9t + is a nil subalgebra of 3 + ; that is, Z = Fl + 9t, where 9t is 
a subspace of % consisting of all nilpotent elements of 3, and x ■ y G OT 
for all x, y G 9t. For any elements x, y G 9t we have 

(47) xy = Xl + z, A G F, z G 91. 

There must exist x, y in 91 with A ^ in (47). Since 9t + is a nilpotent 
commutative Jordan algebra, the powers of 0T + lead to 0; equivalently, 
the subalgebra (9T + )* of 9Jt(3 + ) is nilpotent. Now (47) implies yx = 
—XI + (2x -y — z) and (xy)x = Xx + zx = x(yx) = —Xx + 2x(x ■ y) — xz, 
or 

(48) x(x ■ y) = Xx + x ■ z. 

Now = (x, x, y) + (y, x, x) = x 2 y — x(Xl + z) + (— Al + 2x ■ y — z)x — 
yx 2 = 2x 2 y — 2Xx — 2x ■ z + 4(x ■ y) ■ x — 2x(x ■ y) — 2x 2 ■ y implies 

(49) x 2 y = 2Xx + 2x ■ z — 2{x ■ y) ■ x + x 2 ■ y 
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by (48). Defining 

(47') Xi y = AT + Zi , X t EF, z t E 91, 

linearization of (49) gives 

(49') (xi • x 2 )y = Xix 2 + X 2 xi + x\ ■ z 2 + x 2 ■ z 1 

- (xi -y)-x 2 - (x 2 ■y)-x 1 + (xi ■ x 2 ) ■ y. 

Theorem 12. Let 3 be a simple nodal noncommutative Jordan 
algebra over F . Then F has characteristic p, Z + is the ^"-dimensional 
(commutative) associative algebra 3 + = F[l, xi, . . . , x n ], x\ = 0, n > 2, 
and multiplication in 2 is given by 

n df dg 

(50) f9 = f-9+Y.Qir.-Q^.- c iv <kj = -Cji, 

where at least one of the c„ (= —Cji) has an inverse. 

Proof: Since % = Fl + 91, every element o in 5 is of the form 

(51) a = al + x, a G F, x G 9t. 

By (51) every associator relative to the multiplication in 3 + is an asso- 
ciator 

(52) [xi,x 2 ,x 3 ] = (xi- x 2 ) ■ x 3 - x l - (x 2 - x 3 ), Xi G 91. 

We shall first show that 3 + is associative by showing that the subspace 
93 spanned by all of the associators (52) is 0. For any y in 91, (49') 
implies that (xi ■ x 2 )y is in 91, so \{x\ ■ x 2 ) ■ x 3 ] y = X 3 x± ■ x 2 + (xi ■ x 2 ) ■ 
z 3 + x 3 ■ [Xix 2 + X 2 xi + xi ■ z 2 + x 2 ■ z\ - (#i ■ y) ■ x 2 - (x 2 • y) ■ x\ + 
(xi • x 2 ) ■ y] - [(xi • x 2 ) • y] • x 3 - (x 3 • y) ■ (xi • x 2 ) + [(xi • x 2 ) • x 3 ] • y by 
(47') and (49'). Interchange subscripts 1 and 3, and subtract, to obtain 
[xi,x 2 ,x 3 ]y = [xi,x 2 ,x 3 ] + [xi,z 2 ,x 3 ] + [z 1 ,x 2 ,x 3 ] - [x 1 ■ y,x 2 ,x 3 ] - 
[xi,x 2 • y, x 3 ] + [x 3 • y,x 2 ,xi] + [xi,x 2 ,x 3 ] • y, so that we have the first 
inclusion in 

(53) 939t C 93 + 93 • 91, 9193 C 93 + 93 • 91. 

The second part of (53) follows from nb = — bn + 2b ■ n for b in 93, n in 
91. 
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Define an ascending series <£o Q £1 Q £2 • • • of subspaces £j of Z 
by 

(54) £ = ®, €i+i = £, + €i • 91. 

Note that all the (£$ are contained in 91 (actually in 91 • 91 ■ 91, since 
03 is). Since (9t + )* is nilpotent, there is a positive integer k such that 
£fc + i = <£fc. We prove by induction on i that 

(55) £ 4 9T C Ci+i, 9T£ 4 C £ m . 

The case z = of (55) is (53). We assume (55) and prove that £j+i9t C 
£j + 2 as follows: by the assumption of the induction it is sufficient to 
show 

(56) {d • 91)91 C €i +1 + € i+1 • 91. 
Now the flexible law (36) is equivalent to 

(57) (x ■ y)z = (yz) ■ x + (yx) ■ z — (y ■ z)x for all x, y, z in Z- 

Put x in <£j, y and 2; in 91 into (57), and use yz = fj,l + w, \x e F, w 6 91, 
to see that each term of the right-hand side of (57) is in (£j+i + (£j + i • 91 
by the assumption (55) of the induction. We have established (56), and 
therefore £ m 9T C £ i+2 . Then, as above, 9T£ m C £ m 9T + £ i+1 • 91 C 
£j + 2, and we have established (55). For the positive integer k such that 
£fc + i = Cfc, we have £& an ideal of 5- For (£^3 = Ck(Fl + 91) C £ fc by 
(55), and similarly 3£fc C <t k . The ideal (£&, being contained in 91, is 
not Z- Hence £& = 0, since Z is simple. But 03 C <£*., so 23 = 0, 3 + is 
associative. 

An ideal J of an algebra 21 is called a characteristic ideal (or ID- 
ideal) in case 3 is mapped into itself by every derivation of 21. 21 is 
called £> -simple if and 21 are the only characteristic ideals of 21. 

We show next that the commutative associative algebra Z + is ID- 
simple. Interchange x and y in (36) to obtain 

(36') (y, x, z) + (z, x, y) = for all x,y, z in Z] 

interchange y and z in (36) to obtain 
(36") (x, z, y) + (y, z, x) = for all x, y, 2 in Z', 
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adding (36) and (36'), and subtracting (36"), we obtain the identity 

(58) [x ■ y, z] = [x, z] ■ y + x ■ [y, z] for all x, y, z in Z, 

which is valid in any flexible algebra. Identity (58) is equivalent to the 
statement that 

(59) D = R z — L z for any z in Z 

is a derivation of Z + ■ If 3 is an ideal of Z + , then x ■ z is in 3 for all x 
in 3, z in Z- If, furthermore, 3 is characteristic, then [x,z] = xD is in 
3, since D in (59) is a derivation of Z + - Hence xz = x ■ z + \[x,z] and 
zx = x ■ z — |[x, z] are in J for all x in 3, z in 5; that is, 3 is an ideal 
of Z- Hence Z simple implies that the commutative associative algebra 
Z + is ID-simple. 

It is a recently proved result in the theory of commutative asso- 
ciative algebras (see [24]) that, if 21 is a finite-dimensional ID-simple 
commutative associative algebra of the form 21 = Fl + 9i where 9^ is 
the radical of 21, then (except for the trivial case 21 = Fl which may 
occur at characteristic 0, and which does not give a nodal algebra) F 
has characteristic p and 21 is the p n - dimensional algebra 21 = F[l,x\, 

. . . , X n \ , Xi U. 

Now any derivation D of such an algebra has the form 

(60) /-/fl = E^-««, ai e 21, 

where the a; of course depend on the derivation D. Then (59) implies 
that / — ► [/, g] is a derivation of Z + for any g in Z- By (60) we have 

(61) [/, g] = X) ^— • a *(#)> a *(#) G 3- 
To evaluate the cii(g), note that x^D = [x^g] = aj(g) and 



(62) 


j=i ° x j 


Then Oj(xj) ■ 


= [xj,Xi] implies cii(g) = 


(63) 


2,J = 1 ' J 



[#,^1 = _ X)^— • [ x j>Xi\, or 
j=i ^j 



[X^, XjJ 
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by (61), so that fg = f-g+\[f 1 g] implies (50) where c^- = |[xj, Xj\. If 
every Cy were in 0T, then 9t would be a subalgebra of 21, a contradiction. 
Hence at least one of the c^- is of the form (51) with a ^ 0, so it has 
an inverse, and n > 2. 

Not every algebra described in the conclusion of Theorem 12 is 
simple (see [55]). However, all such algebras of dimension p 2 are, and 
for every even n there are simple algebras of dimension p n . There are 
relationships between the derivation algebras of nodal noncommutative 
Jordan algebras and recently discovered (non-classical) simple Lie al- 
gebras of characteristic p [7; 11; 17; 68]. For a general discussion of Lie 
algebras of characteristic p, see [61]. 



BIBLIOGRAPHY 61 



The following list of papers on nonassociative algebras is intended 
to bring up to date (May 1961) the selective bibliography which appears 
at the end of the expository article [64]. 



1. A. A. Albert, On partially stable algebras, Trans. Amer. Math. Soc. 

vol. 84 (1957), pp. 430-443; Addendum to the paper on partially 
stable algebras, ibid, vol. 87 (1958), pp. 57-62. 

2. , A construction of exceptional Jordan division algebras, Ann. of 



Math. (2) vol. 67 (1958), pp. 1-28. 

3. , On the orthogonal equivalence of sets of real symmetric matri- 
ces, J. Math. Mech. vol. 7 (1958), pp. 219-236. 

4. , Finite noncommutative division algebras, Proc. Amer. Math. 

Soc. vol. 9 (1958), pp. 928-932. 

5. , Finite division algebras and finite planes, Proc. Symposia Ap- 
plied Math., vol. X, Combinatorial Analysis, Amer. Math. Soc. 
1960, pp. 53-70. 

6. , A solvable exceptional Jordan algebra, J. Math. Mech. vol. 8 

(1959), pp. 331-337. 

7. A. A. Albert and M. S. Frank, Simple Lie algebras of characteristic p, 

Univ. e Politec. Torino. Rend. Sem. Mat. vol. 14 (1954-5), pp. 117— 
139. 

8. A. A. Albert and N. Jacobson, On reduced exceptional simple Jordan 

algebras, Ann. of Math. (2) vol. 66 (1957), pp. 400-417. 

9. A. A. Albert and L.J. Paige, On a homomorphism property of certain 

Jordan algebras, Trans. Amer. Math. Soc. vol. 93 (1959), pp. 20-29. 

10. S.A. Amitsur, A general theory of radicals. II. Radicals in rings and 

bicategories, Amer. J. Math. vol. 76 (1954), pp. 100-125; III. Ap- 
plications, ibid, pp. 126-136. 

11. Richard Block, New simple Lie algebras of prime characteristic, Trans. 

Amer. Math. Soc. vol. 89 (1958), pp. 421-449. 

12. R. Bott and J. Milnor, On the parallelizability of the spheres, Bull. Amer. 

Math. Soc. vol. 64 (1958), pp. 87-89. 



62 BIBLIOGRAPHY 



13. Bailey Brown and N.H. McCoy, Prime ideals in nonassociative rings, 

Trans. Amer. Math. Soc. vol. 89 (1958), pp. 245-255. 

14. R. H. Bruck, Recent advances in the foundations of euclidean plane ge- 

ometry, Amer. Math. Monthly vol. 62 (1955), No. 7, part II, pp. 2- 
17. 

15. P.M. Cohn, Two embedding theorems for Jordan algebras, Proc. London 

Math. Soc. (3) vol. 9 (1959), pp. 503-524. 

16. J. Dieudonne, On semi-simple Lie algebras, Proc. Amer. Math. Soc. 

vol. 4 (1953), pp. 931-932. 

17. M.S. Frank, A new class of simple Lie algebras, Proc. Nat. Acad. Sci. 

U.S.A. vol. 40 (1954), pp. 713-719. 

18. Hans Freudenthal, Sur le groupe exceptionnel E-j, Nederl. Akad. Wet- 

ensch. Proc. Ser. A. vol. 56 (1953), pp. 81-89; Sur des invariants 
caracteristiques des groupes semi-simples, ibid, pp. 90-94; Sur le 
groupe exceptionnel E$, ibid, pp. 95-98; Zur ebenen Oktavengeome- 
trie, ibid, pp. 195-200. 

19. , Beziehungen der E-j und E% zur Oktavenebene I. Nederl. Akad. 

Wetensch. Proc. Ser. A. vol. 57 (1954), pp. 218-230; 77. ibid, 
pp. 363-368; ///. ibid, vol. 58 (1955), pp. 151-157; IV. ibid, pp. 277- 
285; V. ibid, vol. 62 (1959), pp. 165-179; VI. ibid, pp. 180-191; VII. 
ibid, pp. 192-201; VIII. ibid, pp. 447-465; IX. ibid, pp. 466-474. 

20. , Lie groups and foundations of geometry, Canadian Mathemat- 
ical Congress Seminar, 1959 (mimeographed). 

21. Marshall Hall, Jr., Projective planes and related topics, Calif. Inst, of 

Tech, 1954, vi + 77pp. 

22. , An identity in Jordan rings, Proc. Amer. Math. Soc. vol. 7 

(1956), pp. 990-998. 

23. L.R. Harper, Jr., Proof of an Identity on Jordan algebras, Proc. Nat. 

Acad. Sci. U.S.A. vol. 42 (1956), pp. 137-139. 

24. , On differ entiably simple algebras, Trans. Amer. Math. Soc. 

vol. 100 (1961), pp. 63-72. 

25. Bruno Harris, Centralizers in Jordan algebras, Pacific J. Math, vol. 8 

(1958), pp. 757-790. 



BIBLIOGRAPHY 63 



26. , Derivations of Jordan algebras, Pacific J. Math. vol. 9 (1959), 

pp. 495-512. 

27. I. N. Herstein, On the Lie and Jordan rings of a simple associative ring, 

Amer. J. Math., vol. 77 (1955), pp. 279-285. 

28. , The Lie ring of a simple associative ring, Duke Math. J. vol. 22 

(1955), pp. 471-476. 

29. , Jordan homomorphisms, Trans. Amer. Math. Soc. vol 81 (1956), 

pp. 331-341. 

30. , Lie and Jordan systems in simple rings with involution, Amer. 

J. Math. vol. 78 (1956), pp. 629-649. 

31. N. Jacobson, Some aspects of the theory of representations of Jordan 

algebras, Proc. Internat. Congress of Math., 1954, Amsterdam, 
vol. Ill, pp. 28-33. 

32. , A theorem on the structure of Jordan algebras, Proc. Nat. Acad. 

Sci. U.S.A. vol. 42 (1956), pp. 140-147. 

33. , Composition algebras and their automorphisms, Rend. Circ. 

Mat. Palermo (2) vol. 7 (1958), pp. 55-80. 

34. , Nilpotent elements in semi-simple Jordan algebras, Math. Ann. 

vol. 136 (1958), pp. 375-386. 

35. , Some groups of transformations defined by Jordan algebras. 

I., J. Reine Angew. Math. vol. 201 (1959), pp. 178-195; II., ibid, 
vol. 204 (1960), pp. 74-98; III., ibid, vol. 207 (1961), pp. 61-85. 

36. , Exceptional Lie algebras, dittoed, 57 pp. 

37. , Cayley planes, dittoed, 28 pp. 

38. N. Jacobson and L.J. Paige, On Jordan algebras with two generators, J. 

Math. Mech. vol. 6 (1957), pp. 895-906. 

39. P. Jordan, Uber eine nicht-desarguessche ebene projecktive Geometrie, 

Abh. Math. Sem. Hamb. Univ. vol. 16 (1949), pp. 74-76. 

40. Irving Kaplansky, Lie algebras of characteristic p, Trans. Amer. Math. 

Soc. vol. 89 (1958), pp. 149-183. 



64 BIBLIOGRAPHY 



41. Erwin Kleinfeld, Primitive alternative rings and semisimplicity, Amer. 

J. Math. vol. 77 (1955), pp. 725-730. 

42. , Generalization of a theorem on simple alternative rings, Portu- 
gal. Math. vol. 14 (1956), pp. 91-94. 

43. , Standard and accessible rings, Canad. J. Math. vol. 8 (1956), 

pp. 335-340. 

44. , Alternative nil rings, Ann. of Math. (2) vol. 66 (1957), pp. 395- 

399. 

45. , Assosymmetric rings, Proc. Amer. Math. Soc. vol 8 (1957), 

pp. 983-986. 

46. , A note on Moufang-Lie rings, Proc. Amer. Math. Soc. vol. 9 

(1958), pp. 72-74. 

47. , Quasi-nil rings, Proc. Amer. Math. Soc. vol. 10 (1959), pp. 477- 

479. 

48. , Simple algebras of type (1, 1) are associative, Canadian J. Math. 

vol. 13 (1961), pp. 129-148. 

49. Max Koecher, Analysis in reelen J ordan- Algebren, Nachr. Acad. Wiss. 

Gottingen Math.-Phys. Kl. Ha 1958, pp. 67-74. 

50. L. A. Kokoris, Power-associative rings of characteristic two, Proc. Amer. 

Math. Soc. vol. 6 (1955), pp. 705-710. 

51. , Simple power- associative algebras of degree two, Ann. of Math. 

(2) vol. 64 (1956), pp. 544-550. 

52. , Simple nodal noncommutative Jordan algebras, Proc. Amer. 

Math. Soc. vol. 9 (1958), pp. 652-654. 

53. , On nilstable algebras, Proc. Amer. Math. Soc. vol. 9 (1958), 

pp. 697-701. 

54. , On rings of (7, 5) -type, Proc. Amer. Math. Soc. vol. 9 (1958), 

pp. 897-904. 

55. , Nodal noncommutative Jordan algebras, Canadian J. Math. 

vol. 12 (1960), pp. 488-492. 



BIBLIOGRAPHY 65 



56. I. G. Macdonald, Jordan algebras with three generators, Proc. London 

Math. Soc. (3), vol. 10 (1960), pp. 395-408. 

57. R. H. Oehmke, A class of noncommutative power-associative algebras, 

Trans. Amer. Math. Soc. vol. 87 (1958), pp. 226-236. 

58. , On flexible algebras, Ann. of Math. (2) vol. 68 (1958), pp. 221- 

230. 

59. , On flexible power-associative algebras of degree two, Proc. 

Amer. Math. Soc. vol. 12 (1961), pp. 151-158. 

60. Gunter Pickert, Projektive Ebenen, Berlin, 1955. 

61. Report of a Conference on Linear Algebras, Nat. Acad, of Sci. - Nat. 

Res. Council, Publ. 502, v + 60 pp. (1957) (N. Jacobson, Jordan 
algebras, pp. 12-19; Erwin Kleinfeld, On alternative and right al- 
ternative rings, pp. 20-23; G.B. Seligman, A survey of Lie algebras 
of characteristic p, pp. 24-32.) 

62. R. L. San Soucie, Right alternative rings of characteristic two, Proc. 

Amer. Math. Soc. vol. 6 (1955), pp. 716-719. 

63. , Weakly standard rings, Amer. J. Math. vol. 79 (1957), pp. 80- 

86. 

64. R. D. Schafer, Structure and representation of nonassociative algebras, 

Bull. Amer. Math. Soc. vol. 61 (1955), pp. 469-484. 

65. , On noncommutative Jordan algebras, Proc. Amer. Math. Soc. 

vol. 9 (1958), pp. 110-117. 

66. , Restricted noncommutative Jordan algebras of characteristic p, 

Proc. Amer. Math. Soc. vol. 9 (1958), pp. 141-144. 

67. , On cubic forms permitting composition, Proc. Amer. Math. Soc. 

vol. 10 (1959), pp. 917-925. 

68. , Nodal noncommutative Jordan algebras and simple Lie algebras 

of characteristic p, Trans. Amer. Math. Soc. vol. 94 (1960), pp. 310- 
326. 

69. , Cubic forms permitting a new type of composition, J. Math. 

Mech. vol. 10 (1961), pp. 159-174. 



66 BIBLIOGRAPHY 



70. G.B. Seligman, On automorphisms of Lie algebras of classical type, 

Trans. Amer. Math. Soc. vol. 92 (1959), pp. 430-448; II, ibid, vol. 94 
(1960), pp. 452-482; III, ibid, vol. 97 (1960), pp. 286-316. 

71. A. I. Shirshov, On special J -rings, Mat. Sbornik N. S. vol. 38 (80) (1956), 

pp. 149-166 (Russian). 

72. , Some questions in the theory of rings close to associative, Us- 

pehi Mat. Nauk, vol. 13 (1958), no. 6 (84), pp. 3-20 (Russian). 

73. M.F. Smiley, Jordan homomorphisms onto prime rings, Trans. Amer. 

Math. Soc. vol. 84 (1957), pp. 426-429. 

74. , Jordan homomorphisms and right alternative rings, Proc. 

Amer. Math. Soc. vol. 8 (1957), pp. 668-671. 

75. T.A. Springer, On a class of Jordan algebras, Nederl. Akad. Wetensch. 

Proc. Ser. A. vol. 62 (1959), pp. 254-264. 

76. , The projective octave plane, Nederl. Akad. Wetensch. Proc. 

Ser. A. vol. 63 (1960), pp. 74-101. 

77. , The classification of reduced exceptional simple Jordan algebras, 

Nederl. Akad. Wetensch. Proc. Ser. A. vol. 63 (1960), pp. 414-422. 

78. Taeil Suh, On isomorphisms of little projective groups of Cayley planes, 

Yale dissertation, 1960. 

79. E.J. Taft, Invariant Wedderburn factors, Illinois J. Math. vol. 1 (1957), 

pp. 565-573. 

80. , The Whitehead first lemma for alternative algebras, Proc. Amer. 

Math. Soc. vol. 8 (1957), pp. 950-956. 

81. J. Tits, Le plan projectif des octaves et les groupes de Lie exceptionnels, 

Acad. Roy. Belgique Bull. CI. Sci. (5) vol. 39 (1953), pp. 309-329; 
Le plan projectif des octaves et les groupes exceptionnels Eq et E-j, 
ibid, vol. 40 (1954), pp. 29-40. 

82. , Sur la trialite et les algebres d 'octaves, Acad. Roy. Belg. Bull. 

CI. Sci. (5) vol. 44 (1958), pp. 332-350. 

83. M. L. Tomber, Lie algebras of types A, B, C, D, and F, Trans. Amer. 

Math. Soc. vol. 88 (1958), pp. 99-106. 



BIBLIOGRAPHY 67 



84. F. van der Blij and T.A. Springer, The arithmetics of octaves and of 

the group G2, Nederl. Akad. Wetensch. Proc. Ser. A. vol. 62 (1959), 
pp. 406-418. 

85. L. M. Weiner, Lie admissible algebras, Univ. Nac. Tucuman. Rev. Ser. A. 

vol. II (1957), pp. 10-24. 



LICENSING. 69 



End of the Project Gutenberg EBook of An Introduction to Nonassociative 
Algebras, by R. D. Schafer 

*** END OF THIS PROJECT GUTENBERG EBOOK NONASSOCIATIVE ALGEBRAS *** 

***** This file should be named 25156-pdf . pdf or 25156-pdf . zip ***** 
This and all associated files of various formats will be found in: 
http : //www . gutenberg .org/2/5/1/5/25156/ 

Produced by David Starner, David Wilson, Suzanne Lybarger 
and the Online Distributed Proofreading Team at 
http : //www .pgdp . net 



Updated editions will replace the previous one-the old editions 
will be renamed. 

Creating the works from public domain print editions means that no 
one owns a United States copyright in these works, so the Foundation 
(and you! ) can copy and distribute it in the United States without 
permission and without paying copyright royalties. Special rules, 
set forth in the General Terms of Use part of this license, apply to 
copying and distributing Project Gutenberg-tm electronic works to 
protect the PROJECT GUTENBERG-tm concept and trademark. Project 
Gutenberg is a registered trademark, and may not be used if you 
charge for the eBooks, unless you receive specific permission. If you 
do not charge anything for copies of this eBook, complying with the 
rules is very easy. You may use this eBook for nearly any purpose 
such as creation of derivative works, reports, performances and 
research. They may be modified and printed and given away-you may do 
practically ANYTHING with public domain eBooks. Redistribution is 
subject to the trademark license, especially commercial 
redistribution . 



*** START: FULL LICENSE *** 

THE FULL PROJECT GUTENBERG LICENSE 

PLEASE READ THIS BEFORE YOU DISTRIBUTE OR USE THIS WORK 

To protect the Project Gutenberg-tm mission of promoting the free 
distribution of electronic works, by using or distributing this work 
(or any other work associated in any way with the phrase "Project 
Gutenberg"), you agree to comply with all the terms of the Full Project 
Gutenberg-tm License (available with this file or online at 
http://gutenberg.org/license) . 



Section 1. General Terms of Use and Redistributing Project Gutenberg-tm 
electronic works 

l.A. By reading or using any part of this Project Gutenberg-tm 
electronic work, you indicate that you have read, understand, agree to 
and accept all the terms of this license and intellectual property 
(trademark /copyright) agreement . If you do not agree to abide by all 



70 LICENSING. 



the terms of this agreement, you must cease using and return or destroy 
all copies of Project Gutenberg-tm electronic works in your possession. 
If you paid a fee for obtaining a copy of or access to a Project 
Gutenberg-tm electronic work and you do not agree to be bound by the 
terms of this agreement, you may obtain a refund from the person or 
entity to whom you paid the fee as set forth in paragraph I.E. 8. 

l.B. "Project Gutenberg" is a registered trademark. It may only be 
used on or associated in any way with an electronic work by people who 
agree to be bound by the terms of this agreement. There are a few 
things that you can do with most Project Gutenberg-tm electronic works 
even without complying with the full terms of this agreement. See 
paragraph l.C below. There are a lot of things you can do with Project 
Gutenberg-tm electronic works if you follow the terms of this agreement 
and help preserve free future access to Project Gutenberg-tm electronic 
works. See paragraph l.E below. 

l.C. The Project Gutenberg Literary Archive Foundation ("the Foundation" 
or PGLAF) , owns a compilation copyright in the collection of Project 
Gutenberg-tm electronic works. Nearly all the individual works in the 
collection are in the public domain in the United States. If an 
individual work is in the public domain in the United States and you are 
located in the United States, we do not claim a right to prevent you from 
copying, distributing, performing, displaying or creating derivative 
works based on the work as long as all references to Project Gutenberg 
are removed. Of course, we hope that you will support the Project 
Gutenberg-tm mission of promoting free access to electronic works by 
freely sharing Project Gutenberg-tm works in compliance with the terms of 
this agreement for keeping the Project Gutenberg-tm name associated with 
the work. You can easily comply with the terms of this agreement by 
keeping this work in the same format with its attached full Project 
Gutenberg-tm License when you share it without charge with others. 

l.D. The copyright laws of the place where you are located also govern 
what you can do with this work. Copyright laws in most countries are in 
a constant state of change . If you are outside the United States, check 
the laws of your country in addition to the terms of this agreement 
before downloading, copying, displaying, performing, distributing or 
creating derivative works based on this work or any other Project 
Gutenberg-tm work. The Foundation makes no representations concerning 
the copyright status of any work in any country outside the United 
States. 

I.E. Unless you have removed all references to Project Gutenberg: 

l.E.l. The following sentence, with active links to, or other immediate 
access to, the full Project Gutenberg-tm License must appear prominently 
whenever any copy of a Project Gutenberg-tm work (any work on which the 
phrase "Project Gutenberg" appears, or with which the phrase "Project 
Gutenberg" is associated) is accessed, displayed, performed, viewed, 
copied or distributed: 

This eBook is for the use of anyone anywhere at no cost and with 
almost no restrictions whatsoever. You may copy it, give it away or 
re-use it under the terms of the Project Gutenberg License included 
with this eBook or online at www.gutenberg.org 

I.E. 2. If an individual Project Gutenberg-tm electronic work is derived 



LICENSING. 71 



from the public domain (does not contain a notice indicating that it is 
posted with permission of the copyright holder) , the work can be copied 
and distributed to anyone in the United States without paying any fees 
or charges. If you are redistributing or providing access to a work 
with the phrase "Project Gutenberg" associated with or appearing on the 
work, you must comply either with the requirements of paragraphs l.E.l 
through I.E. 7 or obtain permission for the use of the work and the 
Project Gutenberg-tm trademark as set forth in paragraphs I.E. 8 or 
I.E. 9. 

I.E. 3. If an individual Project Gutenberg-tm electronic work is posted 
with the permission of the copyright holder, your use and distribution 
must comply with both paragraphs l.E.l through I.E. 7 and any additional 
terms imposed by the copyright holder. Additional terms will be linked 
to the Project Gutenberg-tm License for all works posted with the 
permission of the copyright holder found at the beginning of this work. 

I.E. 4. Do not unlink or detach or remove the full Project Gutenberg-tm 
License terms from this work, or any files containing a part of this 
work or any other work associated with Project Gutenberg-tm. 

I.E. 5. Do not copy, display, perform, distribute or redistribute this 
electronic work, or any part of this electronic work, without 
prominently displaying the sentence set forth in paragraph l.E.l with 
active links or immediate access to the full terms of the Project 
Gutenberg-tm License . 

I.E. 6. You may convert to and distribute this work in any binary, 
compressed, marked up, nonproprietary or proprietary form, including any 
word processing or hypertext form. However, if you provide access to or 
distribute copies of a Project Gutenberg-tm work in a format other than 
"Plain Vanilla ASCII" or other format used in the official version 
posted on the official Project Gutenberg-tm web site (www.gutenberg.org), 
you must, at no additional cost, fee or expense to the user, provide a 
copy, a means of exporting a copy, or a means of obtaining a copy upon 
request, of the work in its original "Plain Vanilla ASCII" or other 
form. Any alternate format must include the full Project Gutenberg-tm 
License as specified in paragraph l.E.l. 

I.E. 7. Do not charge a fee for access to, viewing, displaying, 
performing, copying or distributing any Project Gutenberg-tm works 
unless you comply with paragraph I.E. 8 or I.E. 9. 

I.E. 8. You may charge a reasonable fee for copies of or providing 
access to or distributing Project Gutenberg-tm electronic works provided 

that 

- You pay a royalty fee of 20% of the gross profits you derive from 

the use of Project Gutenberg-tm works calculated using the method 
you already use to calculate your applicable taxes . The fee is 
owed to the owner of the Project Gutenberg-tm trademark, but he 
has agreed to donate royalties under this paragraph to the 
Project Gutenberg Literary Archive Foundation. Royalty payments 
must be paid within 60 days following each date on which you 
prepare (or are legally required to prepare) your periodic tax 
returns. Royalty payments should be clearly marked as such and 
sent to the Project Gutenberg Literary Archive Foundation at the 
address specified in Section 4, "Information about donations to 



72 LICENSING. 



the Project Gutenberg Literary Archive Foundation." 

- You provide a full refund of any money paid by a user who notifies 

you in writing (or by e-mail) within 30 days of receipt that s/he 
does not agree to the terms of the full Project Gutenberg-tm 
License. You must require such a user to return or 
destroy all copies of the works possessed in a physical medium 
and discontinue all use of and all access to other copies of 
Project Gutenberg-tm works. 

- You provide, in accordance with paragraph l.F. 3, a full refund of any 

money paid for a work or a replacement copy, if a defect in the 
electronic work is discovered and reported to you within 90 days 
of receipt of the work. 

- You comply with all other terms of this agreement for free 

distribution of Project Gutenberg-tm works. 

I.E. 9. If you wish to charge a fee or distribute a Project Gutenberg-tm 
electronic work or group of works on different terms than are set 
forth in this agreement, you must obtain permission in writing from 
both the Project Gutenberg Literary Archive Foundation and Michael 
Hart, the owner of the Project Gutenberg-tm trademark. Contact the 
Foundation as set forth in Section 3 below. 

l.F. 

l.F.l. Project Gutenberg volunteers and employees expend considerable 
effort to identify, do copyright research on, transcribe and proofread 
public domain works in creating the Project Gutenberg-tm 
collection. Despite these efforts, Project Gutenberg-tm electronic 
works, and the medium on which they may be stored, may contain 
"Defects," such as, but not limited to, incomplete, inaccurate or 
corrupt data, transcription errors, a copyright or other intellectual 
property infringement, a defective or damaged disk or other medium, a 
computer virus, or computer codes that damage or cannot be read by 
your equipment. 

l.F. 2. LIMITED WARRANTY, DISCLAIMER OF DAMAGES - Except for the "Right 
of Replacement or Refund" described in paragraph l.F. 3, the Project 
Gutenberg Literary Archive Foundation, the owner of the Project 
Gutenberg-tm trademark, and any other party distributing a Project 
Gutenberg-tm electronic work under this agreement, disclaim all 
liability to you for damages, costs and expenses, including legal 
fees. YOU AGREE THAT YOU HAVE NO REMEDIES FOR NEGLIGENCE, STRICT 
LIABILITY, BREACH OF WARRANTY OR BREACH OF CONTRACT EXCEPT THOSE 
PROVIDED IN PARAGRAPH F3 . YOU AGREE THAT THE FOUNDATION, THE 
TRADEMARK OWNER, AND ANY DISTRIBUTOR UNDER THIS AGREEMENT WILL NOT BE 
LIABLE TO YOU FOR ACTUAL, DIRECT, INDIRECT, CONSEQUENTIAL, PUNITIVE OR 
INCIDENTAL DAMAGES EVEN IF YOU GIVE NOTICE OF THE POSSIBILITY OF SUCH 
DAMAGE. 

l.F. 3. LIMITED RIGHT OF REPLACEMENT OR REFUND - If you discover a 
defect in this electronic work within 90 days of receiving it, you can 
receive a refund of the money (if any) you paid for it by sending a 
written explanation to the person you received the work from. If you 
received the work on a physical medium, you must return the medium with 
your written explanation. The person or entity that provided you with 



LICENSING. 73 



the defective work may elect to provide a replacement copy in lieu of a 
refund. If you received the work electronically, the person or entity 
providing it to you may choose to give you a second opportunity to 
receive the work electronically in lieu of a refund. If the second copy 
is also defective, you may demand a refund in writing without further 
opportunities to fix the problem. 

I.F.4. Except for the limited right of replacement or refund set forth 

in paragraph 1.F.3, this work is provided to you 'AS-IS' WITH NO OTHER 

WARRANTIES OF ANY KIND, EXPRESS OR IMPLIED, INCLUDING BUT NOT LIMITED TO 
WARRANTIES OF MERCHANTIBILITY OR FITNESS FOR ANY PURPOSE. 

I.F.5. Some states do not allow disclaimers of certain implied 
warranties or the exclusion or limitation of certain types of damages. 
If any disclaimer or limitation set forth in this agreement violates the 
law of the state applicable to this agreement, the agreement shall be 
interpreted to make the maximum disclaimer or limitation permitted by 
the applicable state law. The invalidity or unenforceability of any 
provision of this agreement shall not void the remaining provisions. 

I.F.6. INDEMNITY - You agree to indemnify and hold the Foundation, the 
trademark owner, any agent or employee of the Foundation, anyone 
providing copies of Project Gutenberg-tm electronic works in accordance 
with this agreement, and any volunteers associated with the production, 
promotion and distribution of Project Gutenberg-tm electronic works, 
harmless from all liability, costs and expenses, including legal fees, 
that arise directly or indirectly from any of the following which you do 
or cause to occur: (a) distribution of this or any Project Gutenberg-tm 
work, (b) alteration, modification, or additions or deletions to any 
Project Gutenberg-tm work, and (c) any Defect you cause . 



Section 2. Information about the Mission of Project Gutenberg-tm 

Project Gutenberg-tm is synonymous with the free distribution of 
electronic works in formats readable by the widest variety of computers 
including obsolete, old, middle-aged and new computers. It exists 
because of the efforts of hundreds of volunteers and donations from 
people in all walks of life. 

Volunteers and financial support to provide volunteers with the 
assistance they need, is critical to reaching Project Gutenberg-tm' s 
goals and ensuring that the Project Gutenberg-tm collection will 
remain freely available for generations to come. In 2001, the Project 
Gutenberg Literary Archive Foundation was created to provide a secure 
and permanent future for Project Gutenberg-tm and future generations. 
To learn more about the Project Gutenberg Literary Archive Foundation 
and how your efforts and donations can help, see Sections 3 and 4 
and the Foundation web page at http://www.pglaf.org. 



Section 3. Information about the Project Gutenberg Literary Archive 
Foundation 

The Project Gutenberg Literary Archive Foundation is a non profit 
501(c) (3) educational corporation organized under the laws of the 
state of Mississippi and granted tax exempt status by the Internal 
Revenue Service. The Foundation's EIN or federal tax identification 



74 LICENSING. 



number is 64-6221541. Its 501(c)(3) letter is posted at 
http://pglaf.org/fundraising. Contributions to the Project Gutenberg 
Literary Archive Foundation are tax deductible to the full extent 
permitted by U.S. federal laws and your state's laws. 

The Foundation's principal office is located at 4557 Melan Dr. S. 
Fairbanks, AK, 99712., but its volunteers and employees are scattered 
throughout numerous locations. Its business office is located at 
809 North 1500 West, Salt Lake City, UT 84116, (801) 596-1887, email 
business@pglaf.org. Email contact links and up to date contact 
information can be found at the Foundation's web site and official 
page at http://pglaf.org 

For additional contact information: 
Dr. Gregory B. Newby 
Chief Executive and Director 
gbnewby@pglaf . org 



Section 4. Information about Donations to the Project Gutenberg 
Literary Archive Foundation 

Project Gutenberg-tm depends upon and cannot survive without wide 
spread public support and donations to carry out its mission of 
increasing the number of public domain and licensed works that can be 
freely distributed in machine readable form accessible by the widest 
array of equipment including outdated equipment. Many small donations 
($1 to $5,000) are particularly important to maintaining tax exempt 
status with the IRS. 

The Foundation is committed to complying with the laws regulating 
charities and charitable donations in all 50 states of the United 
States. Compliance requirements are not uniform and it takes a 
considerable effort, much paperwork and many fees to meet and keep up 
with these requirements. We do not solicit donations in locations 
where we have not received written confirmation of compliance. To 
SEND DONATIONS or determine the status of compliance for any 
particular state visit http : //pglaf . org 

While we cannot and do not solicit contributions from states where we 
have not met the solicitation requirements, we know of no prohibition 
against accepting unsolicited donations from donors in such states who 
approach us with offers to donate. 

International donations are gratefully accepted, but we cannot make 
any statements concerning tax treatment of donations received from 
outside the United States. U.S. laws alone swamp our small staff. 

Please check the Project Gutenberg Web pages for current donation 
methods and addresses. Donations are accepted in a number of other 
ways including checks, online payments and credit card donations. 
To donate, please visit: http://pglaf.org/donate 



Section 5. General Information About Project Gutenberg-tm electronic 
works . 

Professor Michael S. Hart is the originator of the Project Gutenberg-tm 



LICENSING. 75 



concept of a library of electronic works that could be freely shared 
with anyone. For thirty years, he produced and distributed Project 
Gutenberg-tm eBooks with only a loose network of volunteer support. 



Project Gutenberg-tm eBooks are often created from several printed 
editions, all of which are confirmed as Public Domain in the U.S. 
unless a copyright notice is included. Thus, we do not necessarily 
keep eBooks in compliance with any particular paper edition. 



Most people start at our Web site which has the main PG search facility: 

http : //www . gutenberg . org 

This Web site includes information about Project Gutenberg-tm, 
including how to make donations to the Project Gutenberg Literary 
Archive Foundation, how to help produce our new eBooks, and how to 
subscribe to our email newsletter to hear about new eBooks. 



